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Abstract 



Our aim in this paper is to determine the lower central and derived 
series for the braid groups of the sphere and of the finitely-punctured 
sphere. We are motivated in part by the study of the generalised Fadell- 
Neuwirth short exact sequence [GG2L IGG4] . but the problem is of 
interest in its own right. 

The braid groups of the 2-sphere S> 2 were studied by Fadell, Van 
Buskirk and Gillette during the 1960's, and are of particular interest 
due to the fact that they have torsion elements (which were charac- 
terised by Murasugi). We first prove that for all n G N, the lower cen- 
tral series of the n-string braid group B n (S 2 ) is constant from the com- 
mutator subgroup onwards. We obtain a presentation of T 2 (B n (S 2 )), 
from which we observe that T 2 (B i (S 2 )) is a semi-direct product of the 
quaternion group of order 8 by a free group of rank 2. As for the derived 
series of _B n (§ 2 ), we show that for all n > 5, it is constant from the 
derived subgroup onwards. The group B n (§ 2 ) being finite and soluble 
for n < 3, the critical case is n = 4 for which the derived subgroup is 
the semi-direct product obtained above. By proving a general result 
concerning the structure of the derived subgroup of a semi-direct prod- 
uct, we are able to determine completely the derived series of B^iS 2 ) 
which from (i? 4 (S 2 ))^ onwards coincides with that of the free group 
of rank 2, as well as its successive derived series quotients. 

For n > 1, the class of m-string braid groups B m (S 2 \ {xi, . . . , x n }) 
of the n-punctured sphere includes the usual Artin braid groups B m 
(for n = 1), those of the annulus, which are Artin groups of type B 
(for n — 2), and affine Artin groups of type C (for n — 3). Motivated 
by the study of almost periodic solutions of algebraic equations with 
almost periodic coefficients, Gorin and Lin determined the commutator 
subgroup of the Artin braid groups. We extend their results, and show 
that the lower central series of B m is completely determined for all 
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ABSTRACT 



m G N, and that the derived series is determined for all m 7^ 4. In 
the exceptional case m = 4, we determine some higher elements of the 
derived series and its quotients. 

When n > 2, we prove that the lower central series (respectively 
derived series) of -B m (S 2 \ {x±, . . . ,x n }) is constant from the commu- 
tator subgroup onwards for all m > 3 (respectively m > 5). The case 
m — 1 is that of the free group of rank n — 1. The case n = 2 is of 
particular interest notably when m = 2 also. In this case, the commu- 
tator subgroup is a free group of infinite rank. We then go on to show 
that B 2 (S 2 \{x 1 ,x 2 }) admits various interpretations, as the Baumslag- 
Solitar group BS(2, 2), or as a one relator group with non-trivial centre 
for example. We conclude from this latter fact that B 2 (S 2 \ {xi, x 2 }) is 
residually nilpotent, and that from the commutator subgroup onwards, 
its lower central series coincides with that of the free product Z 2 * Z. 
Further, its lower central series quotients Ti/T i+ i are direct sums of 
copies of Z 2 , the number of summands being determined explicitly. In 
the case m > 3 and n = 2, we obtain a presentation of the derived 
subgroup, from which we deduce its Abelianisation. Finally, in the 
case n = 3, we obtain partial results for the derived series, and we 
prove that the lower central series quotients Ti/T i+ i are 2-elementary 
finitely-generated groups. 



Preface 



1. Generalities and definitions 



Let n G N. The braid groups of the plane E 2 , denoted by B n , and 
known as Artin braid groups, were introduced by E. Artin in 1925 [AlJ, 
and further studied in |A2|, IA31 ICh| . Artin showed that B n admits 
the following well-known presentation: B n is generated by elements 
Ci, ... , n -ij subject to the classical Artin relations: 



A natural generalisation to braid groups of arbitrary topological spaces 
was made at the beginning of the 1960's by Fox (using the notion of 
configuration space) [FoNj. In that paper, Fox and Neuwirth proved 
some basic results about the braid groups of arbitrary manifolds. In 
particular, if M r is a connected manifold of dimension r > 3 then there 
is no braid theory (as formulated in this paper). The braid groups of 
compact, connected surfaces have been widely studied; (finite) presen- 
tations were obtained in |Z1L IZ2L IBil|, ISc] . As well as being inter- 
esting in their own right, braid groups have played an important role 
in many branches of mathematics, for example in topology, geometry, 
algebra and dynamical systems, and notably in the study of knots and 
links jBZ], of the mapping class groups |Bi2|, IBi3| . and of configura- 
tion spaces JCGJ, IFH| . The reader may consult |Bi2l IHanl IMK^ |R) 
for some general references on the theory of braid groups. 

Let M be a connected manifold of dimension 2 (or surface), perhaps 
with boundary. Further, we shall suppose that M is homeomorphic to 
a compact 2-manifold with a finite (possibly zero) number of points 
removed from its interior. We recall two (equivalent) definitions of 
surface braid groups. The first is that due to Fox. Let F n (M) denote 
the n th configuration space of M, namely the set of all ordered n-tuples 
of distinct points of M: 

F n (M) ={(xi,...,x n ) | Xi G M and Xi ^ Xj if i ^ j} . 
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Since F n (M) is a subspace of the n-fold Cartesian product of M with 
itself, the topology on M induces a topology on F n (M). Then we define 
the n-string pure (or unpermitted) braid group P n (M) of M to be: 

P n (M) = 7n(F n (M)). 

There is a natural action of the symmetric group S n on F n (M) by 
permutation of coordinates, and the resulting orbit space F n (M)/S n 
shall be denoted by D n (M). The fundamental group iti(D n (M)) is 
called the n-string (full) braid group of M, and shall be denoted by 
B n (M). Notice that the projection F n (M) — > D n (M) is a regular re- 
fold covering map. It is well known that B n is isomorphic to £> n (B 2 ) 
and P n = P n (D 2 ), where D 2 is the closed 2-disc. 

The second definition of surface braid groups is geometric. Let 
"J* = {Pij ■ ■ ■ iPn} be a set of n distinct points of M. A geometric 
braid of M with basepoint 7 is a collection (3 = (fli, . . . , (3 n ) of n paths 
(3: [0, 1] -> M such that: 

(a) for all % = 1, . . . , n, $(0) = p» and ^(1) G T. 

f6j for all i,j — l,...,n and i 7^ j, and for all t G [0, 1], 7^ /3j (t) . 

Two geometric braids are said to be equivalent if there exists a homo- 
topy between them through geometric braids. The usual concatenation 
of paths induces a group operation on the set of equivalence classes of 
geometric braids. This group is isomorphic to B n (M), and does not 
depend on the choice of J\ The subgroup of pure braids, satisfying ad- 
ditionally = Pi for all i — 1, . . . , n, is isomorphic to P n (M). There 
is a natural surjective homomorphism B n (M) — > S n which to a geo- 
metric braid (3 associates the permutation n defined by $(1) = p^i)- 
The kernel is precisely P n (M), and we thus obtain the following short 
exact sequence: 

l^P n (M)^B n (M)^S n ^l. 

2. The Fadell-Neuwirth short exact sequence 

Let m, n G N be positive integers such that m > n, and consider 
the projection 

p: F m (M) — > F n (M) 

(xi, • • • , X ni • • • , Xjji) 1 > (^l; • • • j %n) m 

In |FaN] . Fadell and Neuwirth studied the map p, and showed that it 
is a locally-trivial fibration. The fibre over a point (x±, . . . ,x n ) of the 
base space is F m _ n (M \ {x±, . . . , x n }) which may be considered to be a 
subspace of the total space via the map 

^ • Fm—n 

{M\{ Xl ,...,x n })^ F m (M) 
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vii 



defined by 

i((yi, • • • , y m ~n)) = (x u ...,x n ,y u ..., y m - n ). 

Then p induces a group homomorphism p* : P m (M) — > P n (M), which 
representing P m (M) geometrically as a collection of m strings, corre- 
sponds to forgetting the last (m — n) strings. We adopt the con- 
vention throughout this paper, that unless explicitly stated 
otherwise, all homomorphisms P m (M) — > P n (M) in the text 
will be this one. 

The fibration p: F m (M) — > F n (M) gives rise to a long exact se- 
quence of homotopy groups of configuration spaces, from which we 
obtain the Fadell-Neuwirth pure braid group short exact sequence: 

1 - P m - n (M \ {an,... , x n }) h P m (M) % P n (M) -> 1, (2) 

where is the group homomorphism induced by £, and n > 3 if M 
is the 2-sphere § 2 |Fa|, IFVB| . n > 2 if M is the real projective plane 
M.P 2 [VBJ, and n > 1 otherwise [FaNj (in each case, the condition on n 
implies that F n (M) is an Eilenberg-MacLane space). This short exact 
sequence plays a central role in the study of surface braid groups. It was 
used by [PRJ to study mapping class groups, in the work of |GMPj on 
Vassiliev invariants for braid groups, as well as to obtain presentations 
for surface pure braid groups |Bill ISc^ IGGH |GG4|. 

An interesting question is that of whether the Fadell-Neuwirth short 
exact sequence (|2j) splits. If the above conditions on n are satisfied 
then the existence of a section for is equivalent to that of a geo- 
metric section for p (cf. |GG3|, IGG4J ). In (A2|, Artin showed that 
if M is the plane then (j2J) splits for all n G N. This implies that P n 
may be expressed as a repeated semi-direct product of free groups, 
which enables one to solve the word problem in the pure and full Artin 
braid groups. The splitting problem has been studied for other sur- 
faces besides the plane. Fadell and Neuwirth gave various sufficient 
conditions for the existence of a geometric section for p in the general 
case (FjiNj. For the sphere, it was known that there exists a section on 
the geometric level |FVB j. If M is the 2-torus then Birman exhibited 
an explicit algebraic section for (J2J) for m = n + 1 and n > 2 [BilJ. 
However, for compact orientable surfaces without boundary of genus 
g > 2, she posed the question of whether the short exact sequence {2D 
splits. In |GG1| . we provided a complete answer to this question: 

Theorem 1 ( |GGlj ). If M is a compact orientable surface without 
boundary of genus g > 2, the short exact sequence splits if and only 
ifn=l. 
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3. A generalisation of the Fadell-Neuwirth short exact 



As we mentioned above, the Fadell-Neuwirth short exact sequence 
is a very important tool in the study of pure surface braid groups, but 
unfortunately it does not generalise directly to the corresponding full 
braid groups. However, by considering intermediate coverings between 
F n (M) and D n (M), it is possible to extend it to certain subgroups of 
B n (M) |GG2j . A special case of this construction may be formulated 
as follows. Let m, n G N, and let D mtn (M) denote the quotient space 
of F m+n (M) by the action of the subgroup S m x S n of S m+n . Then we 
obtain a fibration D m ^ n (M) — > D m (M) 7 defined by forgetting the last 
n coordinates. We set 5 m>n (M) = 7Ti(D m>n (M)), sometimes termed 
a 'mixed' braid group. As in the pure braid group case, we obtain a 
generalisation of the short exact sequence of Fadell and Neuwirth: 

1 -> B n {M \ {x u . . . , x m }) -> B m . n {M) ?S B m (M) -> 1, (3) 

where again we take m>3ifM = S 2 ,m>2ifM = I8LP 2 and m > 1 
otherwise. Once more, unless explicitly stated, all homomorphisms 
B m ,n(M) — > B m (M) in the text will be this one. 



The braid groups of the sphere and the real projective plane are of 
particular interest, notably because they have non-trivial centre (which 
is also the case for the Artin braid groups), and torsion elements. The 
braid groups of the sphere were studied during the 1960's [FaJ IFVBL 
IVBl IGVB| : let us recall briefly some of their properties. 

If D 2 C § 2 is a topological disc, there is a group homomorphism 
l: B n (B 2 ) -> B n (S 2 ) induced by the inclusion. If p e B n (B 2 ) then we 
shall denote its image l((3) simply by (3. It is well known that B n (E> 2 ) is 
generated by a%, . . . , <J n -i which are subject to the following relations: 



In what follows, the third relation will be referred to as the surface 
relation of B n (S 2 ). It follows from this presentation and equation (P) 
that B n (§ 2 ) is a quotient of B n . The first three sphere braid groups 
are finite: Bi(§ 2 ) is trivial, B 2 (S 2 ) is cyclic of order 2, and ^(S 2 ) is 
a ZS'-metacyclic group (a group whose Sylow subgroups, commutator 
subgroup and commutator quotient group are all cyclic) of order 12. 
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4. The braid groups of the sphere 





5. BRAID GROUP SERIES AND MOTIVATION FOR THEIR STUDY 



If 77- > 3, the so-called 'full twist' A n braid of B n (E> 2 ), defined by 

A„ = (oi •• •cr n _i) n , 

generates the centre Z(B n (S 2 )) of _B n (S> 2 ), and is a torsion element 
of order 2. Using Seifert fibre space theory, Murasugi characterised 
the torsion elements of B n (S 2 ): they are all conjugates of powers of 
the three elements 0\ • • • cr n _2cr n _i, o\ ■ ■ • a n -20~n-i an d 0"i • • • o~ n _3<7 2 _ 2 
which are respectively n th , (n — l) th and (n — 2) th roots of A„ [MuJ. 

In [GG4|, we studied the short exact sequence (J3D in the case M = 
§ 2 of the sphere: 

1 -> £? n (§ 2 \{x 1 ,..., x m }) -> £ m , n (S 2 ) n 5 m (S 2 ) -> 1, (5) 

and proved the following results: 

THEOREM 2 ( |QQ4j ). 

foj TTie s/«ort exact sequence 

1 - 5 n (§ 2 \ {x 1 ,x 2 ,x 3 }) -> 5 3 ,„(§ 2 ) ^ 5 3 (S 2 ) -> 1 

sp/ite if and on/?/ if n = 0,2 mod 3. 
f&J Let m > 4. // tte homomorphism : 5 mj „(S> 2 ) — > B m (S 2 ) admits 
a section then there exist 61,62 G {0, 1} such that: 

n = 6i(m — l)(m — 2) — S2m(m — 2) mod m(m — l)(m — 2). 

An open question is whether the necessary condition in part (JEJ) is 
also sufficient. If n > 4 then B n (S 2 ) is infinite, and it follows from the 
proof of part (j5$ that B n (§ 2 ) contains an isomorphic copy of the finite 
group B 3 (S 2 ) of order 12 if and only if n ^ 1 mod 3. We have recently 
shown that -B n (S> 2 ) contains an isomorphic copy of the quaternion group 
Q 8 of order 8 if and only if n is even |GG5| . The realisation of finite 
subgroups in B n (S 2 ) and B n (M.P 2 ) seems an interesting problem which 
we are pursuing. 

5. Braid group series and motivation for their study 

If G is a group, then we recall that its lower central series {Tj(G)} igN 
is defined inductively by Ti(G) = G, and T i+ i(G) = [G,Tj(G)] for all 
i G N, and its derived series { } ieNU { } is defined inductively by 

= G, and G® = [G^ -1 ), G (i_1) ] for all % G N. One may check 
easily that T^G) D T i+1 {G) and G (i_1) D G« for all i G N, and for 
all j G N, j > i, T\,(G) (resp. is a normal subgroup of T^G) 

(resp. Gw). Notice that T 2 (G) = G^ is the commutator subgroup of 
G. The Abelianisation of the group G, denoted by G Ab is the quotient 
G/r 2 (G); the Abelianisation of an element G G is its r 2 (G)-coset in 
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G Ab . The group G is said to be perfect if G = or equivalently 

if G Ab = {1}. Following P. Hall, for any group-theoretic property "P, 
a group G is said to be residually P if for any (non-trivial) element 
x G G, there exists a group H with the property P and a surjective 
homomorphism ip: G — > H such that <p(x) 7^ 1. It is well known that 
a group G is residually nilpotent (respectively residually soluble) if and 
only if n,>i r,(C7) = {1} (respectively f\> <?« = {1}). If <?, h e G 
then [g, h] = ghg~ x hr x will denote their commutator, and we shall use 
the symbol g ^ h to mean that g and ft commute. 

Our main aim in this monograph is to study the lower central and 
derived series of the braid groups of the sphere and the punctured 
sphere. This was motivated in part by the study of the problem of 
the existence of a section for the short exact sequences J2J) and (pH). 
To obtain a positive answer, it suffices of course to exhibit an explicit 
section (although this may be easier said than done!). However, and in 
spite of the fact that we possess presentations of surface braid groups, 
in general it is very difficult to prove directly that such an extension 
does not split. One of the main methods that we used to prove the 
non-splitting of for n > 2 and of (0) for m > 4 was based on 
the following observation: letl^i^^G^Q^lbea split 
extension of groups, where K is a normal subgroup of G, and let H 
be a normal subgroup of G contained in K. Then the extension 1 — ► 
K/H — s>G/iJ— >Q^lis also split. The condition on H is satisfied 
for example if H is an element of either the lower central series or 
the derived series of K. In [GGlJ, considering the extension (J2J) with 
n > 3, we showed that it was sufficient to take H = T 2 (K) to prove 
the non-splitting of the quotiented extension, and hence that of the full 
extension. In this case, the kernel K/TziK) is Abelian, which simplifies 
somewhat the calculations in G/H. This was also the case in |GG4j 
for the extension (JSJ) with m > 4. However, for the extension J2I) with 
n = 2, it was necessary to go a stage further in the lower central series, 
and take H = T 3 (K). From the point of view of the splitting problem, 
it is thus helpful to know the lower central and derived series of the 
braid groups occurring in these group extensions. But these series are 
of course interesting in their own right, and help us to understand 
better the structure of surface braid groups. 

Let us remark that braid groups of the punctured disc were studied 
in |Lam] in relation with the study of knots in handlebodies, and were 
used by Bigelow to understand the Lawrence-Krammer representation 
in his proof of the linearity of the Artin braid groups |Big|. Further- 
more, during our study of the braid groups of the 2- and 3-punctured 
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sphere, we will also come across some of the Artin and affine Artin 
groups (also known as generalised braid groups), notably those of types 
B and C [BrUT]. 

The lower central series of groups and their successive quotients 
Tj/Tj+i are isomorphism invariants, and have been widely studied using 
commutator calculus, in particular for free groups of finite rank [Hal, 
IMKS] . Falk and Randell, and independently Kohno investigated the 
lower central series of the pure braid group P n , and were able to con- 
clude that P n is residually nilpotent [FR1L iKo] . Falk and Randell also 
studied the lower central series of generalised pure braid groups [FR2, 
IFR3] . 

Using the Reidemeister-Schreier rewriting process, Gorin and Lin 
obtained a presentation of the commutator subgroup of B n for n > 
3 |GL| (see Theorem l36|) . For n > 5, they were able to infer that 
{B n )W = {B n ) {2 \ and so {B n ) {l "> is perfect. From this it follows that 
^2(B n ) = r 3 (_B n ), hence B n is not residually nilpotent. If n = 3 then 
they showed that (B 3 )^ is a free group of rank 2, while if n = 4, 
they proved that (-B 4 )W i s a semi-direct product of two free groups of 
rank 2. By considering the action, one may see that (-E^)*- 1 ** ^ (B 4 Y 2 \ 
The work of Gorin and Lin on these series was motivated by the study 
of almost periodic solutions of algebraic equations with almost periodic 
coefficients. 

6. Statement of the main results 

Chapter [T] is devoted to determining the lower central series of the 
braid groups of the sphere. In Theorem El we show that for all n > 
2, the lower central series is constant from the commutator subgroup 
onwards. As in the case of the disc, the case n = 4 is particularly 
interesting: r 2 (-B4(S 2 )) is a semi-direct product of the quaternion group 
of order 8 by the free group of rank 2. Here is the main theorem of 
Chapter [TJ 

Theorem 3. For all n > 2, the lower central series of B n {S 2 ) 
is constant from the commutator subgroup onwards: T m (B n (S 2 )) = 
r 2 (£> n (§ 2 )) for all m > 2. The subgroup r 2 (-B n (S> 2 )) is as follows: 

(a) Ifn = 1,2 then T 2 (B n (S 2 )) = {1}. 

(b) Ifn = 3 then T 2 {B n (S 2 )) ^ Z 3 . Thus B 3 {S 2 ) = Z 3 x Z 4 , the action 
being the non-trivial one. 

(c) If n = 4 then r 2 (-B4(S> 2 )) admits a presentation of the following 
form: 
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generators: gi, g2, g%, where in terms of the usual generators of 

B 4 (S 2 ), g x = o\o 2 ol z , g 2 = of c^erf 4 and g 3 = a^ 1 . 
relations: 

S3 = l 

[gl,9i] = 1 for i = 1,2 
[93,9291] = 1 
9l 1 93 1 9i = 929392 1 
9\ X 9z X 9\ = 9i939i l 93- 

Furthermore, 

r 2 ( J B 4 (§ 2 )) = Q 8 xF 2 (a,6), 

where Qs = (x, y \ x 2 = y 2 , xyx~ x = y~ l ) is the quaternion group 
of order 8, and F 2 (a, h) is the free group of rank 2 on two generators 
a and b. The action is given by: 

ip{a){x) = y ip(a)(y) = xy 

(p(b)(x)=yx (f(b)(y) = x. 

(d) In the cases n = 5 and n > 6, a presentation for r 2 (I? n (S> 2 )) is 
given in Chapter^ by Propositions f^l andWh respectively. 

The lower central series of B n (§ 2 ) is thus completely determined. 
In particular, if n > 3 then B n (S 2 ) is not residually nilpotent. 

In Chapter[2l we study the derived series of £> n (S> 2 ). As in the case of 
the disc, (5„(§ 2 ))^^ is perfect if n > 5, in other words, the derived series 
of _B n (S> 2 ) is constant from (-B n (§ 2 ))^ 1 ' ) onwards. The cases n = 1,2,3 
are straightforward, and the groups B n (S 2 ) are finite and soluble. In 
the case n = 4, we make use of the semi-direct product decomposition 
of (-B^S 2 ))^ obtained in Theorem E3 Proposition EH describes the 
structure of the commutator subgroup of a general semi-direct product, 
and shall be applied frequently throughout this monograph. This will 
enable us to show that from (_B 4 (S 2 ))^ 4 ^ onwards, the derived series 
of B^iS 2 ) coincides with that of the free group of rank 2. We also 
determine some of the derived series quotients of -B 4 (S> 2 ): 

THEOREM 4. The derived series of B n (B> 2 ) is as follows. 

(a) If n= 1,2 then (5 n (§ 2 )) (1) = {1}. 

(b) Ifn = 3 then (5 3 (§ 2 )) (1) = ^3 and (5 3 (§ 2 )) (2) = {1}. 

(c) Suppose that n = 4. Then: 

(1) (B 4 (S 2 ))^ = T 2 (B i (S 2 )) is given by part of Theorem^ 
it is isomorphic to the semi-direct product Qg x F 2 . Further, 
B 4 {S 2 )/{B 4 {S 2 ))^ is isomorphic to Z 6 . 
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(ii) (_B 4 (§ 2 ))( 2 ) is isomorphic to the semi-direct product Qg x F 2 , 
where (F^ 1 ) is the commutator subgroup of the free group F 2 = 
F 2 (a, b) of rank 2 on two generators a,b. The action of (F 2 )W 
on Qg is the restriction of the action o/F 2 (a,6) given in part @ 
of Theorem^ Further, 

(5 4 (§ 2 )) (1) /(5 4 (§ 2 )) (2) = Z 2 , andB 4 (S 2 )/(B 4 (S 2 )Y 2) S Z 2 x Z 6 , 

where the action of the generator a of Z 6 on Z 2 is given by left 
multiplication by the matrix ( ^ } ) . 
fmj (£> 4 (S> 2 ))( 3 ) is a subgroup of -P 4 (S> 2 ) isomorphic to the direct 
product Z 2 x (F 2 ) (2) . Further, 

( J B 4 (§ 2 ))( 2 V( J B 4 (§ 2 )) (3) = (Z 2 x Z 2 ) x (F 2 )«/(F 2 )( 2 ). 

(iv) {B 4 (S 2 ))W = (W 2 ) {m - 1) for all m > 4. Further, 

( J B 4 (§ 2 ))( 3 V( J B 4 (S 2 )) (4) = Z 2 x (F 2 )( 2 V(F 2 ) (3) , 

and for m > A, 

(5 4 (§ 2 )) (m) /(^4(S 2 )) (m+1) = (F 2 ) (m " 1) /(F 2 ) (m) . 

(d) Ifn>b then (B n (S 2 ))^ = (B n {§> 2 ))W , so (5 Jt (§ 2 ))« is perfect. 
A presentation of (i? n (S 2 )) ( - 1 - ) is given in Propositions\64\ and\6 / A 

In particular, the derived series of B n (§ 2 ) is thus completely deter- 
mined (up to knowing the derived series of the free group F 2 of rank 2, 
see Remark [221). 

Chapter El deals with the lower central and derived series of braid 
groups of the punctured sphere B m (§ 2 \ {x±, . . . ,x n }), n > 1, and is 
divided into eight sections, according to the respective values of m and 
n. In Proposition ED (Section HI), we recall a presentation of these 
groups obtained in [GG4|. In Section [2J we consider the case n = 1, 
and show that B m (S 2 \{xi}) is isomorphic to £> n (B 2 ) (Proposition E3J. 
In Proposition we study the series of B n (D 2 ) in further detail, thus 
extending the results of Gorin and Lin: 

Proposition 5. Let m > 1. Then: 

(a) For all s > 3, T s (B m (D 2 )) = T 2 (B m (D 2 )). 

(b) If m= 1,2 then (B m (B 2 ))^ = {1} for all s > 1. 

(c) If m = 3 then the derived series of (S 3 (D 2 ))^) is that of the free 
group F 2 (w,t>) on two generators u and v, where u = C7 2 cr^ 1 and 
v = Giua^ 1 = o\020^ 2 . Further, 

B 3 (B 2 ) / (B 3 (D 2 )) {2) = Z 2 x Z, 
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where Z 2 is the free Abelian group generated by the respective Abelian- 
isations u and v of u and v, and the action is given by a -u = v and 
a -v — —u + v, where a is a generator of Z. 
(d) If m = 4 then 

(5 4 (D 2 )) (1) /(5 4 (D 2 )) (2) = Z 2 ; and 

(5 4 (© 2 )) (2) = F a (o,6) x T 2 (¥ 2 (u,v)), 

where a = a^a^ 1 and b = uau' 1 = a 2 a 3 a^ 1 o~ 2 1 . 

Hence the lower central series (respectively derived series) of B m (V> 2 ) 
is completely determined for all m > 1 (respectively for all m^4; for 
the case m = 3, this is again up to knowing the derived series of F 2 ). 

In the difficult case of the derived series of _B 4 (D 2 ), we then go on 
to describe some of the higher order terms and the successive derived 
series quotients: 

Proposition 6. 

( J B 4 (D 2 )) (2) /( J B 4 (D 2 )) (3) =Z 2 xZ 2 x (T 2 (W 2 (u,v))) Ab . 

Proposition 7. (5 4 (D 2 ))( 3 ) = ¥ 5 { Zl , . . . ,z 5 ) x (¥ 2 {u,v)Y 2 l 

The action for this semi-direct product will be described by equa- 
tions (J20j ) and (JZH ). From this, we may obtain the Abelianisation of 

(5 4 (D 2 ))( 3 ): 

Proposition 8. 

((B^B 2 jfY h = (5 4 (D 2 ))( 3 ) /(5 4 (D 2 ))( 4 ) 

S Z 3 x Z 18 x Z 18 x (F 2 ( M)W ))( 2 V(F 2 ( M ,t;))( 3 ). 

This result suggests that the derived series of £> 4 (0 2 ) is highly 
non trivial. In principle, using the semi-direct product structure of 
(£> 4 (0 2 ))( 3 ) and Proposition [2^ it is possible to discover further terms 
of the derived series, but in practice, the calculations become very hard. 
The main results of Section [2] are summed up in Table [TJ 

In Sectional we comment briefly on the case m = 1 which is that 
of a free group of rank n — 1. From Section HI of Chapter El onwards, 
we suppose that n > 2. If m > 3 (resp. m > 5) the lower central 
series (resp. the derived series) of B m (S 2 \ {xi, . . . ,x n }) is constant 
from the commutator subgroup onwards. Once more, for the derived 
series, m = 4 represents a challenging case. Nevertheless, we are able 
to determine some of the derived series quotients. The main theorem 
of Section 131 is as follows: 
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values 
of m 


series/group 


result 


reference 


Vm > 1 


lower central 


r 3 (G) = r 2 (G) 


[GL] (see 
Theorem 13 6|) 


Vm > 5 


derived 


G(2) = 


m = 3 


derived 


G« = (F 2 ) (i_1) , Vz > 1 


r 2 (G) 


F 2 




Z 2 


G/G (2) 


Z 2 x Z 


Proposition El 


m = 4 


r 2 (G) 


F 2 x F 2 


[GLJ (see 
Theorem l36|) 


G«/G( 2 ) 


Z 2 


G(2) 


F 2 x (F 2 )W 


Proposition El 


G(2)/G( 3 ) 


Z 2 x Z 2 x ((F 2 )«) Ab 


Proposition El 


G® 


F 5 x (F 2 )( 2 ) 


Proposition 


G(3)/G( 4 ) 


Z 3 x Z 18 x Z 18 x ((F 2 )( 2 )) Ab 


Proposition El 



Table 1. Summary of results of Section 01 Chapter El 
concerning the lower central and derived series of G = 
B m (B> 2 ). For the semi-direct product actions, one should 
consult the corresponding reference. 



Theorem 9. Let n>2. Then: 

(a) If m > 3 then 

T 3 (B m (§ 2 \ {xi, • • • , x n })) = r 2 (5 m (§ 2 \ { Xl , x n })). 

(b) If m > 5 then 

(5 m (§ 2 \ { Xl , x n })) (2) = (5 m (§ 2 \ {xi, x n })f\ 

(c) If m = 4 then 

5 4 (§ 2 \ {x u x n }) /(5 4 (§ 2 \ . . . , x n }))( 2 ) (Z 2 x Z) x Z"- 1 

where the semi- direct product structure is that of part fa) of Propo- 
sition^ and 

(B A (S 2 \{ Xl ,..., x n }))« /(5 4 (§ 2 \ {xi, • • • , a; n }))( 2 ) - Z 2 . 
Alternatively, 

5 4 (§ 2 \ . . . , x n })/(i? 4 (§ 2 \ {z a , . . . , xj)) (2) = Z 2 x Z™, 

where Z 2 = (fi 4 (§ 2 \{x!, . . . , x n }))« /(5 4 (§ 2 \{x 1; . . . , x„}))( 2 ) 25 ZAe 
/ree Abelian group with basis {% v}, Z n = _B 4 (§ 2 \ {x 4 , . . . ,x n }) Ab 
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1 

values 
of m 


series/group 


result 


reference 


Vm > 3 


lower central 


r 3 = r 2 


Theorem El 


Vm > 5 


derived 


G (2) = G (l) 


m = 4 


G/G^ 


(Z 2 x Z) x Z™- 1 


Z 2 x Z n 




Z 2 



Table 2. Summary of results of Section HJ Chapter [31 
concerning the lower central and derived series of G — 
B m {S 2 \{x 1 ,...,x n }), m > 3, n > 2. 



has basis {a, pi, ■ ■ ■ ,p n -i}, and the action is given by 
a -u = v a -v = —u + v 

Pi -u — u Pi -v = v 

for all 1 < i < n — 1 . 

So if n > 2, the lower central and derived series of the braid group 
-£> m (§ 2 \{xi, • • • , x n }) are completely determined, with the exception of 
a small number of values of m: for the lower central series, they consist 
of just m = 2, and for the derived series, m = 2, 3 and 4. 

The case m > 2 and n = 2 is considered in Sections El and Ap- 
plying the results of Proposition EH one may see that B m (S 2 \ {x\, x 2 }) 
is isomorphic to the m-string braid group B m (A) of the annulus A = 
[0, 1] x S 1 , and is thus an Artin group of type B m . In Proposition IHH 
SectionEl we prove the following general result concerning the structure 
of r 2 ( J B m (§ 2 \{x 1 ,x 2 })): 

Proposition 10. Let m>2. Then: 

(a) B rn (S 2 \ {xi,x 2 }) — F m x £? m (D 2 ), where the action <p is given by 
the Artin representation of B m (D 2 ) as a subgroup of Aut(¥ m ) (see 
equation ( fg?j) ). 

(b) r 2 (5 m (§ 2 \ { Xl ,x 2 })) = Ker(p) x r 2 (5 m (D 2 )), where 

p\ F m (A 2j3 , . . . , A 2) m+2) -> Z 

is the augmentation homomorphism, and the action is that induced 
by ip (the generators A it j are described in Proposition,^]]}. 

The semi-direct product structure allows us to determine some de- 
rived series quotients: 
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Proposition 11. 



(B 3 (§ 2 \ {x 1 ,x 2 })f ) /(B 3 (§ 2 \ { Xlt x 2 })f ] - Z 4 . 



Proposition 12. 



B 3 (§ 2 \{x 1 ,x 2 }) /(B 3 (§ 2 \{x 1 ,x 2 })) (2) -Z 4 xZ 2 , 



where Z 4 has a basis <^a , /3 , u, vj, Z 2 has a basis {a, p{\, and the 
action is given by: 



a ■ u = v 



a ■ v = —u + v 



a -a = (3 Q 



a ■ (3 = A) — So 

Pi-Po = Pa 

pi ■ v = -Pq - u. 



Pi ■ a = a 



Pl • U — — CtQ — U + V 



We then give an alternative proof of Proposition HU showing along 
the way that the commutator subgroup of B 3 (S 2 \ {x%, x 2 }) is the semi- 
direct product of a given infinite rank subgroup of a free group of rank 5 
by a free group of rank 2 (see Proposition Ef2l). 

In Section® we study the lower central series of B 2 (S 2 \ {xi,x 2 }) 
(which is one of the outstanding cases not covered by Theorem 
Using an exact sequence due to Stallings (see equation ((HD), we prove 
the following: 

Corollary 13. r 2 (B 2 (§> 2 \{x 1 ,x 2 })) = r 2 (F 2 (a,&)) xZ, where the 
action of Z on r 2 (F 2 (a, b)) is given by conjugation by b~ 1 a. 

The group -E> 2 (§ 2 \ {xi, x 2 }) is particularly fascinating, not least be- 
cause it may be interpreted in many different ways: as the 2-string braid 
group B 2 (A) of the annulus (and so as the Artin group of type B 2 ), and 
as the Baumslag-Solitar group BS(2, 2), for example (see Remarks HHJ) . 
It is also a one-relator group with non-trivial (infinite cyclic) centre, 
which applying results of Kim and McCarron |KMc|, IMcCaj implies 
that: 

Proposition 14. B 2 (S 2 \{xi,x 2 }) is residually nilpotent and resid- 
ually a finite 2-group. 

Further, using the fact that the quotient of B 2 (E> 2 \ {xi,x 2 }) by its 
centre is isomorphic to the free product Z 2 * Z, we prove that apart 
from the first term, the lower central series of these two groups coincide, 
and applying results of Gaglione and Labute |Gal ILabj which describe 
the lower central series of certain free products of cyclic groups, we are 
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able to determine completely the lower central series (in terms of that 
of Z 2 * Z), as well as the successive lower central series quotients of 
B 2 (S 2 \ {xi,X2}) in an explicit manner: 

Theorem 15. For all i > 2, Ti{B 2 {S 2 \ {x l ,x 2 })) = Y { (Z 2 * Z), 
and: 

Ti(B 2 (S 2 \{x 1 ,x 2 }))/T i+1 (B 2 (E> 2 \{x ls x 2 })) = T { (Z 2 * Z)/T i+l {Z 2 * Z) 



~ z 2 © • • • © z 2 , 



-Ri times 



where 



k 
h 

H is the Mobius function, and 



, fc J i — j 
\fc>i / 




From this, we may see (Corollary l53|) that apart from the first 
term, the derived series of B 2 (§ 2 \ {xi,x 2 }) is that of vr(F 2 ), where 
7r : F 2 = Z * Z — > Z 2 * Z is the homomorphism obtained by taking the 
first factor modulo 2. 

In Section^ we consider the more general case of the m-string braid 
group B m (S 2 \{xi, x 2 })), m > 3, which we know to be isomorphic to the 
m-string braid group B m (A) of the annulus. With this interpretation, 
Kent and Peifer gave a nice presentation of this group ( Proposition l56|) 
from which they were able to conclude that B m (A) is a semi-direct 
product of the affine Artin group A m _i by Z (Corollary E2|) |KP] . 
Applying Proposition I2~H1 once more, we obtain in Proposition EH1 a pre- 
sentation of T 2 (B m (§ 2 \ {xi,x 2 })) (which as we shall see, is isomorphic 
to T 2 (A m _i)), from which we may deduce: 

Corollary 16. Let m > 3. Then 

{Z 4 ? /m = 3 
Z 2 tfm = A 
Z ifm>5. 

The main results of Sections El EH and of Chapter 03 are summed 
up in Table El 
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values 
of m 


series/group 


result 


reference 


Vm > 2 


r 3 (G) 


(F m )« x r 2 ( J B m (D 2 )) 


Proposition ITOl 


m = 2 


lower central 


r i = r i (z 2 *z),2>2 


Theorem 1 151 


lower central 
quotients 

r,,(G)/r i+1 (G) 


r i (z 2 *z)/r i+1 (z 2 *z) 


z? 


r 2 (G) 


(F 2 )« x Z 


Corollary SHI 


r a (G) 


Foo 


Corollary S3 


r 2 (G)/r 3 (G) 


z 2 


Proposition EH 


r 8 (G) 




m = 3 


r 2 (G) 


Foo x F 2 


Proposition S2l 


G (D/ G (2) 


Z 4 


Proposition ITT1 




Z 4 x Z 2 


Proposition H2l 


m = 4 


G(i)/G( 2 ) 


Z 2 


Corollary HH 


m > 5 


G(i)/G(2) 


z 



Table 3. Summary of results of Sections [HI EH and [3 of 
ChapterEJconcerning the lower central and derived series 
of G — B m (S 2 \ {x\, x 2 }), m > 2. In each case, Foo is a 
given free group of countable infinite rank. 



In Section [HI of Chapter we consider B m (S 2 \ {xi,x 2 , x 3 }), m > 2, 
which is also one of the outstanding cases for the derived series not 
covered by Theorem [HI This group is isomorphic to the affine Artin 
group of type C m for which little seems to be known |Allj . Despite the 
existence of nice presentations for this group [BG], we were not able to 
describe satisfactorily the commutator subgroup even for m = 2. We 
obtain however some partial results, notably in Proposition IHUl the fact 
that the successive lower central series quotients of -B 2 (S 2 x 2 , x 3 }) 
are finite direct sums of Z 2 , which generalises part of Theorem [HI as 
well as for alH > 1 and m > 2, (£> m (§ 2 \ {xi, x 2 , £3}))^ is a semi-direct 
product of some group Ki by (£? m (B 2 ))W (Proposition EH). 

Finally in Chapter El we give presentations of the commutator sub- 
groups r 2 (_B n (§ 2 )) of the sphere braid groups for n > 4, and in the 
case n = 4, in Proposition EH1 we derive the presentation of r 2 (_B 4 (§ 2 )) 
given in Theorem OJjnj) . 
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7. Extension to surfaces of higher genus 

Since work on this paper started, one of the authors, in collabo- 
ration with P. Bellingeri and S. Gervais has undertaken the study of 
the lower central series of braid groups of orientable surfaces, with and 
without boundary, of genus g > 1 [BGGJ. We remark that some of 
the techniques appearing in this monograph were used subsequently 
in that paper. It is worth stating the corresponding results of [BGGJ 
which contrast somewhat with those obtained here for the sphere and 
punctured sphere. 

Theorem 17 ([BGGJ). Let M be a compact, connected orientable 
surface without boundary, of genus g > 1, and let m > 3. Then: 

(a) r 1 (B m (M))/r 2 (S m (M)) = z 2 ^ © z 2 . 

(b) T 2 (B m (M))/T 3 (B m (M)) - Z„_ 1+g . 

(c) T 3 (B m (M)) = T 4 (B m (M)). Moreover, T 3 (B m (M)) is perfect for 
m > 5. 

This implies that braid groups of compact, connected orientable 
surfaces without boundary may be distinguished by their lower central 
series (indeed by the first two lower central quotients). 

Theorem 18 ((BGGj). Let g > 1, q > 1 and m > 3. Let M 

be a compact, connected orientable surface of genus g with q boundary 
components. Then: 

(a) r 1 (5 m (M))/r 2 ( J B m (M)) = z 2 ^- 1 © z 2 . 

(b) T 2 (B m (M))/T 3 (B m (M)) = Z. 

(c) T 3 (B m (M)) = T 4 (B m (M)). Moreover, T 3 (B m (M)) is perfect for 
m > 5. 

Thus if m > 3 and if M a compact surface (with or without bound- 
ary) of genus g > 1, since T 3 (B m (M)) ^ {1}, B m (M) is not residually 
nilpotent. Moreover, we observe similar phenomena to those seen in 
TheoremlHlfor the punctured sphere (stability of the lower central series 
for m > 3, perfectness of the Ti(B m (M)) for m > 5). However, they 
occur one stage further, not from the commutator subgroup onwards, 
but from T 3 onwards. 

Just as for B 2 (S 2 \ {xi,x 2 }), the 2-string braid groups represent a 
very difficult and interesting case. In the case of the 2-torus T 2 , we 
prove that its 2-string braid group is residually nilpotent. Further, 
arguing as in the proof of Theorem El we show that apart from the 
first term, the lower central series of -B 2 (T 2 ) and Z 2 * Z 2 * Z 2 coincide, 
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and by applying Gaglione's results, we may also determine explicitly 
all of their successive lower central series quotients. More precisely: 

Theorem 19 ((BGGj). 

(a) B 2 (T 2 ) is residually nilpotent. 

(b) For alii > 2: 

(i) Ti(B 2 (T 2 )) = Ti(Z 2 *Z 2 * Z 2 ). 

(ii) rj(_B 2 (T 2 ))/rj + i(5 2 (T 2 )) is isomorphic to the direct sum of Ri 
copies o/Z 2; where: 



As in the case of the 2-string braid group of the n-punctured sphere, 
n > 3, it seems to be very difficult even to describe the commutator 
subgroup of the 2-string braid groups of orientable surfaces of higher 
genus. 
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CHAPTER 1 



The lower central series of B n (S 2 ) 

The main aim of this chapter is to prove Theorem E3 which de- 
scribes the lower central series of B n (S 2 ). This will be carried out in 
Section [2j Before doing so, in Section HJ we state and prove some 
general results concerning the splitting of the short exact sequence ((H) 
(Proposition l20|) . as well as homological conditions for the stabilisation 
of the lower central series of a group (Lemma l23| . 

1. Generalities 

Let neN. Let _B n (§ 2 ) denote the braid group of S 2 on n strings, let 
(5 n (§ 2 )) Ab = B n (S 2 )/T 2 {B n {S 2 )) denote the Abelianisation of B n (S 2 ), 
and let a: B n (§ 2 ) — > (B n (S 2 )) Ab be the canonical projection. Then we 
have the following short exact sequence: 

1 T 2 (B n (S 2 )) B n (S 2 ) — (B n (S 2 )) Ab 1. (6) 

We first prove the following result which deals with the splitting of 
this short exact sequence. 

Proposition 20. Let n£N. 

(a) (B n (S 2 )) Ab = B n (S 2 )/T 2 (B n (S 2 )) - Z 2(n _ 1) . 

(b ) The short exact sequence (G|) splits if and only if n is odd, where 
the action on r 2 (-B„(S> 2 )) by a generator o/Z 2 ( n _i) is given by con- 
jugation by <7i . . . cr n _2(T 2 _ 1 . 

(c) Ifn is even then _B n (§ 2 ) is not isomorphic to the semi- direct product 
of a subgroup K by Z 2 ( n _i). 

Proof. 

(a) This follows easily from the presentation (J3J) of the group B n (S 2 ). 
The generators of B n (E> 2 ) are all identified by a to a single gen- 
erator a = a(o"j) of Z 2 („-i). 

(b) In order to construct a section, we consider the elements of B n (§ 2 ) 
of order 2{n — 1). According to Murasugi's classification of the 
torsion elements of B n (S 2 ) [MuJ, these elements are precisely the 
conjugates of the elements of the form (ai ■ ■ ■ <7 n _ 2 cx 2 _ 1 ) r , where r 
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and 2(n — 1) are coprime. Such an element projects to a rn whose 
order is 2(n — 1)/ gcd(rn, 2(n — 1)). Since 

gcd(rn, 2{n — 1)) = gcd(n, 2{n — 1)) = gcd(n, 2), 

the result follows from equation © and part (Jlj). 
(c) Let neNbe even. We first prove the following lemma: 

Lemma 21. Let G be a group whose Abelianisation G Ab is Hop- 
fian i.e. G Ah is not isomorphic to any of its proper quotients. Sup- 
pose that there exists a group H isomorphic to G Ab , a normal sub- 
group K of G, and a split short exact sequence 1 — > K — > G — > 
if->l. T%en G = r 2 (G) x G Ab . 

Proof of Lemma EH Let a : G —> G Ab denote Abelianisation, 
let £ : G —y H denote the homomorphism in the given short exact 
sequence, and let s: H — > G be a section for £. Since if = G/K is 
Abelian, it follows from standard properties of the commutator sub- 
group that T 2 (G) C K. Hence we have the following commutative 
diagram: 

1 r 2 (G) c G G Ab 1 

pi 



1 *K c ^GT^H 1, 

This extends to a commutative diagram of short exact sequences by 
taking p: G Ab — > H defined by p(y) = for all y G G Ab , where 
x G G is any element satisfying a(x) = y. This homomorphism 
is well defined, and is surjective since £ and a are. But G Ab = if 
is Hopfian by hypothesis, which implies that p is an isomorphism. 
Hence a = p" 1 o £, and s o p is a section for a, which proves the 
lemma. □ 

By taking G = B n (S 2 ) and K = Z 2 (n-i) m the statement of 
Lemma [2ll if B n (§ 2 ) were a semi-direct product of K with H then 
this would contradict part (jEJ. This completes the proof of Propo- 
sition EB □ 

Remark 22. If n is even, let us consider the natural projection 
p: Z 2 ( n -i) — > Z n _i. Then we have a short exact sequence: 

1 T* 2 (B n (S 2 )) 5 n (§ 2 ) — Z^j) l. 

where a* = poa, and r^-Bn^ 2 )) is the kernel of a*. It is not difficult to 
see that this short exact sequence splits: a section is given by sending 
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the generator of %( n -i) to (a 1 . . .a 

n— 2^n— 1) ' where 2 r is the greatest 

power of 2 dividing n. 

Let G be a group which acts on a group H. Following [HMR 
p. 67], we may define the commutator subgroup with respect to this 
action by 

T G (H) = ((g * h) kh^k- 1 | geG,h,keH), (7) 

where g * h denotes the action of g on h. We say that the action is 
perfect if Tc(H) = H. Note that if if is a normal subgroup of G then 
H ~D Tg(H) = [G,H] ~D [H,H] for the action of conjugation of G on 
H. In particular, if G = H then Tg(H) = T 2 (G) for the action of 
conjugation of G on itself. If this action is perfect then the group G is 
perfect. 

LEMMA 23. Let G be a group, and let G Ab be its Abelianisation. Let 
5: H 2 (G, Z) — > H 2 (G Ab , Z) be the homomorphism induced by Abeliani- 
sation. Then 

r 2 (G)/r 3 (G) = Coker(6) = H (G Ab ,H 1 (T 2 (G),Z)) . 
Ln particular: 

(a) T 2 (G) = r 3 (G) if and only if 5 is surjective. 

(b) IfH 2 (G Ab ,Z) is trivtal then T n (G) = T 2 (G) for all n>2. 

(c) If either the action (by conjugation) ofG on T 2 (G) or the action (by 
conjugation) ofG Ab on Hi (T 2 (G), Z) is perfect then T n (G) = T 2 (G) 
for all n > 2. 

Proof. Recall that ifl^K^G^Q^lisan extension of 
groups then we have a 6-term exact sequence 

H 2 {G) -> H 2 (Q) -> K/[G,K] - H X {G) - H X {Q) - 1 (8) 

due to Stallings [Broj McCl, StJ. Applying this to the short exact 
sequence: 

1 -> r 2 (G) -> G -> G Ab -> 1, (9) 

we obtain: 

if 2 (G,Z) ^> H 2 (G Ab , Z) -> r 2 (G)/r 3 (G') -> ffi(G.Z) -> G Ab -> 1. 
But Hi(G, Z) — > G Ab is an isomorphism, so this becomes 

# 2 (G,z) 4 # 2 (G Ab ,z) - r 2 (G)/r 3 (C) - i. 

Hence r 2 (G)/r 3 (G) = Coker (5) which yields the first isomorphism. 
To obtain the second, we consider the Lyndon-Hochschild-Serre spec- 
tral sequence |BroL IMc ClJ applied to the short exact sequence (jOJ), 
for which the relevant terms are £^ 2 o) = H 2 (G Ah ,Z) and Ef i) = 
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H (G Ab , H x (r 2 (G), Z)). Since #i(G) = #i(G Ab ), the differential 
d 2 : ^?2 0) — * ^foi) ^ s surjective, with kernel E^ y From the general 
definition of the filtration of H 2 {G) given by the spectral sequence, 
we have a surjection H 2 {G) — > E^^, an( ^ nence the following exact 
sequence: 

H 2 (G) — > Eq )0 -) Ef 2)0 ) —> ^( 2 0i i) — > 1. 
Hence Im (5) = E^ y and 

Coker (5) = Ef m / Im (5) - £ ( 2 0il) = tf (G Ab , ^ (r 2 (G), Z)) 

as required. From the first isomorphism, one may check that part (jsj 
is satisfied. Part (JEJ then follows easily. 

To prove part (jsj), if the action by conjugation of G on r 2 (G) is 
perfect then r G (r 2 (G)) = [G,r 2 (G)] = r 3 (G) = T 2 (G) and the result 
is clear. Now let us consider the action of G on ifi(r 2 (G)) = (r 2 (G)) Ab 

given by conjugation, defined by g ■ h — ghg~ l 7 where g,h e G, and~ 
denotes Abelianisation in T 2 (G). If g G T 2 (G) then the induced action 
on (r 2 (G)) Ab is trivial, so the original action factors through G Ab , and 

we obtain an action of G Ab on (r 2 (G)) Ab given by g ■ h = ghg^ 1 (g 
denotes the Abelianisation of g in G). Suppose that this action is 
perfect, so that r G Ab((r 2 (G)) Ab ) = (r 2 (G)) Ab . Now 

r G Ab((r 2 (G)) Ab ) = [G,r 2 (G)]/[r 2 (G),r 2 (G)] = r 3 (G)/[r 2 (G),r 2 (G)], 

and since r 3 (G) C T 2 (G), it follows that r 3 (G) = T 2 (G), which implies 
the result. □ 

Remark 24. The hypothesis of part (JbJ) of the lemma holds for 
example if G Ab is cyclic. Recall that if G Ab is finitely-generated then 
this condition is also necessary: if if is a finitely-generated Abelian 
group satisfying H 2 (H, Z) = {0} then H is cyclic. 

2. The lower central series of B„(S 2 ) 

Now we come to the main result of this chapter. 

THEOREM El For all n > 2, the lower central series of B n (S 2 ) 
is constant from the commutator subgroup onwards: T m (B n (S 2 )) = 
T 2 (B n (S 2 )) for all m > 2. The subgroup T 2 (B n (S 2 )) is as follows: 

(a) Ifn= 1,2 then T 2 (B n (S 2 )) = {1}. 

(b) Ifn = 3 then T 2 {B n {S 2 )) S Z 3 . Thus B 3 (<S 2 ) = Z 3 x Z 4 , the action 
being the non-trivial one. 

(c) If n = 4 then r 2 (2? 4 (§ 2 )) admits a presentation of the following 
form: 
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generators: gi, g 2 , g 3 , where in terms of the usual generators of 
-B 4 (§ 2 ), g 1 = cr^o-i 3 , Q2 = ofcracrf 4 and g 3 = cr 3 crf 1 . 



relations: 



gi = 1 (10) 

[<73,<7i] = l (11) 

[gl92] = i (12) 

[03,020i]=l (13) 

g^g^gi = 1 (14) 

9x x gi x 9\ = gigsg^gs- (15) 



Furthermore, 



r 2 ( J B 4 (§ 2 )) = Q 8 xF 2 (a,6), 

where Qg — (x,y \ x 2 = y 2 , xyx~ x = y~ l ) is the quaternion group 
of order 8, and F 2 (a, 6) «s £/ie /ree ^rottp o/ ranA; 2 on £wo generators 
a and b. The action is given by: 

<p(a)(x)=y (p(a)(y) = xy 

(p(b)(x)=yx (f(b)(y) = x. 

(d) In the cases n = 5 and n > 6, a presentation for r 2 (I? n (§ 2 )) is 
giwen in Chapter^ by Propositions 64 and\67\ respectively. 

PROOF. The first part of the theorem, T m (B n (S 2 )) = T 2 {B n (S 2 )) 
for m > 2, follows from Lemma, l2lfljb"| and Remark EH 
Now let us consider the rest of the theorem. 

(a) If n = 1, 2 then B n (S 2 ) = Z n , and the result follows easily. 

Let ra = 3. Then -B 3 (§ 2 ) is a ZS-metacyclic group (a group whose 
Sylow subgroups, commutator subgroup and commutator quotient 
group are all cyclic) of order 12 |FVB| . It follows from Proposi- 
tion |2QljaT) that (5 3 (§ 2 )) Ab = Z 4 , and hence r 2 (£ 3 (S 2 )) ^ Z 3 . 

From Proposition [201®, the short exact sequence © splits, so 
B 3 (E> 2 ) = Z 3 x Z 4 , and the action of the generator a of {B 3 (S 2 )) Ab 
on the generator p of Z 3 is given by a ■ p = p^ 1 i.e. the non-trivial 
action. 

(c) Let n — 4. To obtain the given presentation of T 2 (_B 4 (§ 2 )), one ap- 
plies the Reidemeister-Schreier rewriting process to the short exact 
sequence The calculations are deferred to Proposition l63l see 
Section El of Chapter H 

Using this presentation, let us prove the second part of (jcj) of 
TheoremEl that r 2 (-B 4 (S 2 )) = Q 8 x ¥ 2 {a,b). This will be achieved 
by the following two propositions. 
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Proposition 25. The normal subgroup o/T 2 (_B 4 (S> 2 )) generated 
by #3 is isomorphic to a quotient of the quaternion group Q 8 . 

Proof. Let N be the normal subgroup of r 2 (5 4 (§ 2 )) generated 
by g>3, and let H be the subgroup of T 2 (B^(Ei 2 )) generated by g% 
and g\930\ ■ Clearly H C TV. To prove the converse, it suffices to 
show that if we conjugate g 3 and gig^ 1 by g x 1 and g 2 1 , we obtain 
elements of if. This is a consequence of the following equalities: 

929392 1 = 9T 1 9^91 by equation (HI) 

= 91939T 1 ■ 93 by equation JH3) 

9X939X 2 = 93 1 ■ 9\9l X 9\ l by equation JED 

929i939i 1 92 1 = 93 by equation COD 

92*9392 = 9X939X 1 by equation flEJD 

9l X 9\939x X 92 = 9 2 1 9i 1 93 1 9i93 1 92 by equation (USD 

= #3 • 9 2 1 9 3 1 92 by equation (JUJ). 

Hence H = N is normal in r 2 (_B 4 (§ 2 )). Now = (gi^gf 1 ) 2 by 
equation dTTJ) , and (g^g? g 3 ) 2 = {0i 1 0z 1 0i) 2 = 91? = 9z by equa- 
tions (fTBT) and (flOl) . By equations (flOl) and tfTTT ) it thus follows that 

[#i£3#r\#3] = 9h and hence ffi^r 1 • 939i93 1 9i 1 =& = 9s 1 - So 
9\939\ l an d <?3 satisfy a set of defining relations of Q 8 , and thus H 
is a quotient of Q 8 . □ 

Proposition 26. With H as defined as in the proof of Propo- 
sition^ H = Q 8> and T 2 {B 4 (S 2 )) = Q 8 x F 2 (a,6), the action 
being given by <p(a)(x) = axa~ x = y, <p(a)(y) = aya~ l = xy, 
(p(b)(x) = bxb^ 1 = yx and <p(b)(y) = byb^ 1 = x. 

Proof. Let Q 8 be generated by x and y, subject to the relations 
x 2 = y 2 and xyx~ x = y -1 . We remark that if z G Q 8 and w G 
¥ 2 (a,b) then wzw' 1 = ip(w)(z), and [z,w] = z-ip(w)(z~ 1 ). Consider 
the map 

■ {fll, 92, 93} -* Qs x F 2 (a, b) 
defined as follows: if)(gi) = a, ip(g 2 ) = b and VG73) = x. It is 
straightforward to check that the images under ip of relations ()10h - 
flEfl ) hold in Q 8 x F 2 (a, 6). As for relation (HI), the right-hand 
side yields bxb^ 1 = ip{b)\[x) = yx from the definition of the ac- 
tion, while the left-hand side yields aT x x~ x a = ip(a^ 1 )(x^ 1 ). Now 
V9(a)(xy _1 ) = x~ x , so V9(a _1 )(x _1 ) = xy^ 1 = yx in Q 8 . So re- 
lation (lH) is preserved under V- Finally, consider relation (Tol) . 
From the previous relation, the left-hand side yields yx. As for the 
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right-hand side, we obtain <p(a)(x) ■ x = yx also. So ip extends 
to a homomorphism, which we also call ip, from r 2 (i?4(S 2 )) into 
Q 8 xF 2 (a, b). Since ^{gig^i 1 ) = y, this homomorphism is certainly 
surjective. Further, since the normal subgroup H of Proposition EH1 
is generated by g% and gigz9\ 1 ^ it follows that H is mapped surjec- 
tively onto Qs- But if is a quotient of Q 8 , and since Qs is finite, H 
is isomorphic to Qs. This proves the first part of the proposition. 
The induced map from the quotient r 2 (_B 4 (S 2 )) by H (which is the 
normal subgroup generated by #3) into the quotient of Qs x F 2 (a, b) 
by Qs is a surjective homomorphism from a free group on two gen- 
erators into a free group on two generators, so is an isomorphism 
by the Hopfian property of free groups of finite rank. This com- 
pletes the proof of the proposition, as well as that of part (jnj) of 
Theorem 03 □ 

(d) Now suppose that n > 5. The presentations are given in Chapter HJ 
Propositions EH and E3 respectively. This completes the proof of 
Theorem El □ 



CHAPTER 2 



The derived series of B n (S 2 ) 

In this chapter, we study the derived series of B n (E> 2 ). The aim is to 
prove the following result, which shows that for all n ^ 3,4, (l? n (§ 2 )) W 
is perfect. The difficult case is n = 4, but using the semi-direct product 
structure of (_B 4 (S 2 ))^) obtained in TheoremEl we shall be able to prove 
that the derived series of -B 4 (§ 2 ) coincides from a certain point with 
that of the free group of rank 2. Before doing so, we state and prove 
Proposition EH1 which describes the commutator subgroup of a general 
semi-direct product. 

THEOREM HI The derived series of B n (B> 2 ) is as follows. 

(a) If n= 1,2 then (B n (§ 2 ))^ = {l}. 

(b) Ifn = 3 then (5 3 (§ 2 )) (1) = Z 3 and (B 3 (§ 2 )) (2) = {!}■ 

(c) Suppose that n = 4. Then: 

(i) (B 4 (S 2 ))^ = T 2 ( y B i (S 2 )) is given by part of Theorem^ 
it is isomorphic to the semi-direct product Qg Xl F 2 . Further, 
J B 4 (§ 2 )/( J B 4 (§ 2 )) (1) is isomorphic to Z 6 . 

(ii) (5 4 (S> 2 ))( 2 ) is isomorphic to the semi- direct product Qg x (F 2 )^ 1 - ) , 
where (F 2 ) ^ is the commutator subgroup of the free group F 2 (a, b) 
of rank 2 on two generators a,b. The action o/(F 2 )W on Q§ is 
the restriction of the action of¥ 2 (a,b) given in part of The- 
orem{^ Further, 

(5 4 (§ 2 )) (1) /(fi 4 (S 2 )) (2) = Z 2 , and 5 4 (§ 2 )/(5 4 (§ 2 )) (2) = Z 2 x Z 6; 

where the action of the generator a of Z 6 on Z 2 is given by left 
multiplication by the matrix \ ) . 
(Hi) (£> 4 (§ 2 ))( 3 ) is a subgroup of P 4 (S 2 ) isomorphic to the direct 
product Z 2 x (F 2 )( 2 ). Further, 

( J B 4 (§ 2 ))( 2 )/(5 4 (§ 2 ))( 3 ) = (Z 2 x Z 2 ) x (F 2 )«/(F 2 )( 2 ). 

(iv) (^(S 2 ))^ ^ (¥ 2 ) {m - 1) for all m > 4. Further, 

(B 4 (§ 2 ))W/(B 4 (§ 2 )p =Z 2 x (F 2 )( 2 )/(F 2 )( 3 ), 

and for m > A, 

(5 4 (§ 2 )) (m) /(5 4 (§ 2 )) (m+1) = (F 2 ) (m - 1) /(F 2 ) (m) . 

8 
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(d) Ifn>b then (B n {S 2 ))^ = (E„(§ 2 ))«, 50 (B n (S 2 ))W is perfect. 
A presentation of (B n (§ 2 ))W is given in Propositions\U^\ andWK 



Remark 27. In part (jgj) of Theorem 0] and also in what follows, we 
shall often refer to the derived series of F 2 (a, b) as well as its quotients. 
We were not able to track down an explicit reference for them, but one 
may observe that for i > 1, (F 2 (a, b))™ is a free group of infinite rank, 
and hence (F 2 (a, b))^/(¥ 2 (a, 6))( i+1 > is a free Abelian group of infinite 
rank. A basis of (F 2 (a, b))W = r 2 (F 2 (a, 6)) may be obtained as follows: 
considering the short exact sequence (pH) with G = F 2 (a, 6), (F 2 (a, 6))^ 
may be identified with the fundamental group of the Cayley graph of 
F 2 (a, b). Let 7 be a maximal tree in this graph. For each g e F 2 (a, 6), 
let w g be the word corresponding to the path in 7 between e and g. 
Then a basis is given by the set of elements of the form w^fa^jw" 1 , 
where g runs over F 2 (a,6). For example, the set {a p b q [a, b]b ~ q a~ p } p qe z 
is a basis of (F 2 (a, b))^. Since F 2 (a,6) is residually nilpotent and 
(¥ 2 (a,b)Y^ C r i (F 2 (a,6)), it follows that fU (^ 2 (a,6)) (i) = {1} 
and F 2 (a,6) is residually soluble. 

We obtain easily the following corollary of Theorem 0J 

COROLLARY 28. Let n e N. Then B n {S 2 ) is residually soluble if 
and only if n < 4. 

Proof of Corollary [2H1 Recall that a group G is residually 
soluble if and only if Hi>o = "W- If n = 1, 2, 3, this is obvi- 
ous, and if n = 4, the residual solubility of -B^S 2 ) follows from that of 
F 2 (a, b). For n > 5, the result also follows easily, since (5„(S 2 ))^ 1 ' ) is 
non trivial. □ 

Before proving Theorem HI let us state and prove the following 
proposition which describes the commutator subgroup of a semi-direct 
product. This result will be used frequently throughout the rest of this 
paper. 

Proposition 29. Let G } H be groups, and let tp: G — > Aut(H) be 
an action of G on H . Let H be the subgroup of H generated by the 
elements of the form ip(g){h) ■ h~ l , where g G G, h e H , and let L be 
the subgroup of H generated by T 2 (H) and H. Then (f induces an action 
(also denoted by tp) ofY 2 {G) on L, and L xi ^ r 2 (G) = T 2 (H G). In 
particular, T 2 (H x^G) is the subgroup generated by T 2 (H),T 2 (G) and 
H. 

Remark 30. We claim that L is none other than the commuta- 
tor subgroup T G (H) defined by equation (Jll) with respect to the given 
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action. To see this, recall that T G (H) is the subgroup of if gener- 
ated by the elements of the form ip(g)(h) ■ kh^k^ 1 , where g G G and 
h,k G if. Taking g = e (respectively k = e), it follows that Tq(H) D 
r 2 (ff) (respectively T G (H) ~D ff), and hence L C T G (H). Conversely, 
^{g^-kh^k- 1 = ^{^h-^hkh^k- 1 G f, so T G {H) C L, and the 
claim is proved. Note further that if h! G if then there exists h" G H 
such that ip(g)(h") = h', so 

fc' (</?(<?)W • h- 1 ) h'- 1 = V {g){h"h){h"hY l ■ {^{h'^h"- 1 )- 1 . 

It follows that if and L are normal in if. In particular, Tg(H) is 
normal in if. 

Proof of Proposition EH1 From now on, we shall identify each 
subgroup Hi of H (respectively each subgroup Gi of G) with the cor- 
responding subgroup {(h, 1) | h £ Hi} (respectively {(1, <?) | <? G Gi}) 
of H xi ^ G without further comment. The group operation in if XI ^ G 
shall be written as: 

(h,g)*(ti,g') = (h.(p(g)(h),gg), where (h,g), (h',g) G H x^ G. 

The subgroup f is normal in if by Remark Q01 Let us show that (p 
induces an action (also denoted by ip) of G on L. Let g E G. Since 
</?(<7)([/n,/i 2 ]) = [y(ff)(/n),y(</)(/i2)] e F 2 (if) for all /i 1; /i 2 G if, and 

V^X^G/X/^ 1 ) = ipigfiifth- 1 . ^(gmhr 1 )- 1 g if 

for all /i G if and g' G G, it follows that <p(g)(L) C f . Clearly </?(#) 
is injective. The surjectivity of </?(#) (restricted to L) may be deduced 
from the following observations: 

(a) if i — 1, 2 and h' { E H then there exists foj G if such that <p(g)(hi) = 
h' is and hence ft, 2 ]) = [ft^, /i 2 ]- 

(b) lig' eG and h,h' eH then 

^>(<7) {viff-WWh- 1 . h ^{g-^Qi-^h) h- 1 ) = y{g'){h)h-\ 

Thus <p induces an action (also denoted by cp) of T 2 (G) on L, and 
f x v T 2 (G) is a subgroup of if x^ G. 

Clearly any element of T 2 (ff) (respectively T 2 (G)) may be written 
as an element of T 2 (ff x^ G). Further, if g G G and h £ H then 

[(l, </), (/>, i)] = fafoX/i), i) * (/i- 1 , i) = {f{g){h)h-\ l), 

and thus every element of if may be written as an element of T 2 (ff x^ 
G). This proves that L x^ T 2 (G) C T 2 (ff x^ G). 
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To see the converse, notice that the commutator of two elements 
(hi,gi), (h 2 ,g 2 ) £ H xi^G may be written as: 

[(hi,gi),(h 2 ,g 2 )] = {hi.(p(gi)(h 2 ).tp{gig29T 1 ){hi 1 ). 

<p(\9i,92])Qh 1 ), [gi,g 2 ]). 

The second factor belongs clearly to Y 2 {G). The first factor is of the 
form: 

[h x , h 2 \. h 2 h 1 h 2 ~ 1 {^(gx)^)^ 1 ) h 2 h^ 1 h 2 1 . 

h 2 h ((p(g 1 g 2 gi 1 )(hi 1 )h 1 ) h^ 1 h 2 1 .h 2 (ip([g u g 2 ])(h 2 1 )h 2 ) h 2 \ 

which is a product of elements of L. Hence T 2 (H ~A V G) C L T 2 (G), 
and the proposition follows. □ 

We now prove the main result of this chapter. 

Proof of Theorem |H Cases and (JbJ) follow directly from 
Theorem 03 

Now consider case (Jdj) . i.e. n > 5. Let H C (5 n (S 2 ))W be a normal 
subgroup of ^(S 2 ) such that A = (£ n (§ 2 )) (1) /# is Abelian (notice 
that this condition is satisfied if H — (B n (S 2 ))^). Let 

f tt: £? n (§ 2 ) - B n (S 2 )/H 

{ P^P 

denote the canonical projection. So the Abelianisation homomorphism 
a: B n (<S 2 ) -> (S„(§ 2 )) Ab of Chapter [U factors through B n {§ 2 )/H i.e. 
there exists a (surjective) homomorphism a: B n (S 2 )/H — > (£> n (§ 2 )) Ab 
satisfying a = a? o 7r. So we have the following short exact sequence: 

1 *- A B n (S 2 )/H (B n (S 2 )) Ab 1. 

Now Wi, . . . , <r n _i generate B n (S 2 )/H, but since a(<7j) = a(ai) for 1 < 
i < n — 1, it follows that a?(cf~) = a? (07), and so there exists U E A such 
that 07 = tioi. 

We now apply n to each of the relations of equation (J2j) of B n (S 2 ). 
First suppose that 3 < i < n — 1 . Since cr, commutes with o"i , we have 
that 

oT ■ t^oT = tioi ■ ai, 

and hence ij commutes with 07. 

Now let 4 < i < n — 1. Since cr, commutes with cr 2 , we obtain 
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Since A is Abelian, it follows from the previous paragraph that t 2 com- 
mutes with a\. Applying this to the image of the relation a 1 a 2 <J\ = 
&2 a i a 2, under 7r, we see that t 2 = t 2 , and hence t 2 = 1. 

Next, if i > 2 then the relation OiOi+\Oi = Oi+\OiOi+\ implies that 
ti = ti + \, and so t 2 = . . . = t n -i = 1- Hence a\ = ~o% = . . . = o n -\- 
Thus B n (E> 2 ) /H is cyclic, generated by a\, and finite of order not greater 
than 2(n— 1), because the surface relation U\ . . . a n ^ 2 a^_ x a n - 2 . . . (J\ = 
1 projects to oy 2 ^ -1 ) = 1. Since a is surjective and (_B n (S 2 )) Ab = 
^2(n-i), we conclude that a is an isomorphism, so B n (S> 2 )/H = Z 2 („_i), 
and A = (B^S 2 ))^ / H is trivial. In particular 

(5 n (§ 2 ))( 2 ) = [(S ri (S 2 ))( 1 ),(5 n (S 2 ))W] = (5 n (§ 2 ))«, 

in other words, (-B^S 2 ))^ is perfect. 

Now consider case (jnj), so n = 4. Recall that part (13) was proved 
in Theorem El and Proposition [213 To obtain (_B 4 (S 2 ))^ 2 \ it suffices to 
observe that for the action of ¥ 2 (a,b) on Q 8 , the subgroup Q 8 defined 
in Proposition EHl is Q 8 (which is the case, since by Theorem El®, 
(^(^(a;)^" 1 = y and (p(a)(y)y~ 1 = x). So (£> 4 (S> 2 ))( 2 ) is generated by Q 8 
and (F 2 ) (1) , (^(S 2 ))^ = Q 8 x (F 2 ) (1) , and the action is the restriction 
of that of F 2 (a, b) on Q 8 , which proves the first part of ^0) (E3) - 

To determine (5 4 (§ 2 ))( 3 ), we first have to describe the subgroup 

for the action of (F 2 )W on Q 8 . By Theorem Oftd) , if B = [a,b] G 
(F 2 (a, b))^ then the automorphism ^p(B) satisifies ip(B)(z) = x 2 ■ z for 
z E {x,y} (recall that x 2 = y 2 ). Since (F 2 (a,6))^^ is the subgroup of 
F 2 (a, b) normally generated by B, and the centre (x 2 ) of Q 8 is invariant 
under Aut(Q 8 ), it follows that Q 8 = (x 2 ). So (I? 4 (§> 2 )) (3) is isomorphic 
to the semi-direct product of Z 2 by (F 2 )( 2 \ But the action is trivial, 
and so the product is direct. This proves the first part of ffc^ (|m|) . 

For m > 4, the subgroup (^(S 2 ))^ is clear from the description 
of (_B 4 (§ 2 ))( 3 ), and hence we obtain the first part of fc| (|iv|) . 

We now analyse various quotients of the form 5 4 (S 2 )/(5 4 (S 2 ))^ 
and ( J B 4 (§ 2 ))( m ~ 1 )/( J B 4 (§ 2 ))( m ) for several values of m. For the quo- 
tient 5 4 (§ 2 )/(£> 4 (§ 2 ))( m ), we shall consider the case m = 2 (the case 
m = 1 is given by Proposition EHftl)). For ( J B 4 (§ 2 ))( m - 1 V(5 4 (§ 2 ))( m ), 
we consider the cases m > 2 (the case m = 1 was considered in Propo- 
sition Emjsj)). If rn > 4, the problem reduces to the corresponding 
problem for the free group on two generators. 

We adopt the notation used above in the case n > 5, and again 
we suppose that H C {B n {^ 2 ))^ is a normal subgroup of B n (E> 2 ) such 
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that A = (B n (E> 2 ))^ / H is Abelian. So we have a short exact sequence: 
1 A B A (S 2 )/H — ^ (5 4 (§ 2 )) Ab 1. 

Now 01,02,03 generate B^{S 2 )/H. As above, for i = 2, 3 we set 07 = 
tjoT, where tj G A, and we apply 7r to the relations of -B 4 (S> 2 ). The 
fact that Oi commutes with 03 implies that £3 commutes with of. The 
relation O1O2O1 = o 2 o 4 02 implies that: 

ofoor 1 = h ■ af't 2 a\~ 2 . (16) 

Now consider the relation o 2 o 3 o 2 = o 3 o 2 o 3 . We have that: 

t 2 d\ ■ t 3 o\ ■ t 2 oT = t 3 oT • t 2 oT • t 3 oT, 

and so 

t 2 0\H 2 = ^301^201, 

since A is Abelian and £3 commutes with of. Thus: 

t 2 (J\ 2 t 2 = ^3^20l 2 t2 

from equation ffTHTt . and so £3 = 1. We conclude that B^S^/H is 
generated by of and t 2 o\. 

Finally, we consider the image of the surface relation under ir. Using 
equation (fl6l) . note first that: 

oi 3 ^2oT _3 = o\(t 2 1 • oT^oi -1 )^ -1 = oj~t 2 o7~ • oj" 2 t2oT -2 

= oTt 2 1 oI _1 ■ ^2 1 ^T^2oT~ 1 = t 2 1 ) (17) 

since A is normal and Abelian. Thus oio 2 o|o20i = 1 implies that: 

1 = a\ ■ t 2 a\ ■ of ■ t 2 o\ ■ oT = ofooT 1 • a\(o^ 3 t 2 a\' 3 )ar' 1 ■ of 6 

= Oi^oT -1 ■ oj"t 2 1 oj" 1 ■ oj~ 6 = oj~ 6 

from equation fjlTfl . 

Recall that r 2 (-B 4 (S> 2 )) is the normal subgroup of £> 4 (§ 2 ) generated 
by the commutators of the generators of £> 4 (§ 2 ). Hence A is the normal 
subgroup of 5 4 (§ 2 ) /H generated by [oT, t 2 01] = oit 2 oi 1 • t 2 ■ Since A 
is Abelian and t 2 G A, the action of conjugation on A by t 2 is trivial. 
From equation (fTTjk the action of of 3 on t 2 yields ^ ■ Further, 

o7(olt 2 07~ *2 = o7 2 i 2 oj"~ 2 ■ o\t 2 1 o r T 1 = t 2 1 

from equation (|16l) . and since 

&i 2 {o\hW~ l )oT 2 = o\t 2 o\~ , 

it follows that A is the Abelian group generated by ofooi ~ l t 2 \ h and 
oT^oT -1 , and thus by t 2 and ofooi x - 
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Let a = a(a l ) denote the generator of (-B 4 (S 2 )) Ab . Let M = 

1) ; notice that M is of order 6 - We now let ( 5 4(S 2 )) Ab = z 6 
act on Z 2 as follows: 

^X 2 J \X 2 J \X 2 — X\ 

and so we may form the associated semi-direct product Z 2 x Z 6 . We 
now consider the following homomorphism: 

ip : B 4 (S> 2 ) -> Z 2 x Z 6 

We then check that ^ is well defined: clearly ^(<TiO" 3 ) = ^(o^Oi). To 
see that i>{p\OiO\) = ^{a 2 aia 2 ) (and that ^(<7 3 a 2 a 3 ) = i){a 2 a 3 a 2 )) , 

^(<7i ) • v(o 2 ) • v(oi) = ( (o) ' 5 ) ' ( (o) ' 5 ) ' ( (o) ' ? 

.3' 5 )-(ffl' 5 ")-((-V' 5 ' 

Similarly, 

^(<r 2 ) • ^(<ri) • V(o 2 ) = ( L ) ,a) • ( ( J ,5 ' ! ' 



°J J \\°J ' ^° 



As for the surface relation, 



\ ~ 9 \ //-l 



2 l 1 \ ~4 



°^ 3-Wf!l.l 



as required. Since ^(^i) = (^qJ >°^' VK^of 1 ) = ) A ) an d 
^([crf 1 , cr 2 ]) = ' 1^ ' we see that V* i s surjective. 
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Now let H = {B 4 {S 2 )Y 2 \ and let 5: Z 2 x Z 6 -> Z 6 denote the pro- 
jection onto the second factor. Since Z 6 is Abelian, it follows that 
6(ip(x)) is trivial for all x E (.B 4 (§ 2 ))W, so ip(x) belongs to the Z 2 - 
factor. Hence H = [(S 4 (S 2 ))W, (#4(S 2 )) (1) ] C Ker(^), and thus ^ 
factors through A = £? 4 (§ 2 )/if , inducing a (surjective) homomorphism 
^: .B 4 (§ 2 )/i/ — > Z 2 xi Zg. From the following commutative diagram of 
short exact sequences, 

2\\/u _ R./S2W7T S / n . /k;2\\ Ab ^ i 



i — - a = r 2 (s 4 (s 2 ))/tf — - s 4 (§ 2 )/# — (£ 4 (§ 2 )) 

1 Z 2 Z 2 x Z 6 Z 6 1, 

the surjectivity of ip implies that of ip\ . : A — > Z 2 . But A is an Abelian 
group generated by {£ 2 , cft 2 cf -1 }, so ^>L is an isomorphism, and by the 
5-Lemma, ip is too. Hence: 

(£ 4 (§ 2 )) (1) /(5 4 (§ 2 )) (2) = Z 2 and £ 4 (§ 2 ) /(5 4 (§ 2 )) (2) = Z 2 x Z 6 . 

In fact the first of these two equations may be obtained directly since 
we know that (5 4 (§ 2 ))W = Q 8 x F 2 , and (B 4 {S 2 ))W is isomorphic 
to the subgroup Q 8 x (F 2 ) (1) of Q 8 x F 2 , so {B±(§ 2 )) {1) /(B 4 (§ 2 ))® ^ 
F 2 /(F 2 )« = Z 2 . Similarly, ( J B 4 (§ 2 ))( 2 )/(S 4 (§ 2 ))( 3 ) = (Z 2 x Z 2 ) x 
(F 2 )W/(F 2 )( 2 ), ( J B 4 (§ 2 ))( 3 )/( J B 4 (§ 2 ))( 4 ) = Z 2 x (F 2 )( 2 V(F 2 )( 3 ), and for 
m > 4, 

(5 4 (§ 2 )) (m) /(5 4 (§ 2 )) (m+1) = (F 2 ) (m - 1) /(F 2 ) (m) . 

This proves the remaining parts of (jsj), and thus completes the proof 
of Theorem |H □ 



CHAPTER 3 



The lower central and derived series of 

B m {$ 2 \{x 1: ...,x n }) 

In this chapter, the aim is to determine the lower central and de- 
rived series of the m-string braid group of the n-punctured sphere 
B m (S 2 \ {xi, . . . , £„}), n > 1 according to the values of m and n. 
In Section HJ we begin by giving a presentation of this group. In Sec- 
tion [2 we deal with the case n = 1 which corresponds to the Artin 
braid groups, and extend the results of Gorin and Lin. The case m = 1 
which is that of the fundamental group of the n-punctured sphere is 
dealt with in Section El From Section |U onwards, we suppose that 
n > 2. In Sectional we prove Theorem [HI which if m > 3 (respectively 
m > 5) shows that the lower central series (respectively the derived 
series) of B m (E> 2 \ {x±, . . . , x n }) is constant from the commutator sub- 
group onwards. In Sections El EH and we study the case n = 2 which 
corresponds to that of the braid groups of the annulus (which are iso- 
morphic to the Artin groups of type B). The main results of these three 
sections are Proposition EH Corollary H31 Proposition HH Theorem fT5l 
and CorollaryHH In SectionlHl we study B m (S 2 \ {xi,x 2 ,x 3 }), m > 2, 
which is isomorphic to the affine Artin group of type C m , and we prove 
Propositions EO and EU 

1. A presentation of B m (S 2 \ {xi, . . . , £„,}), n > 1 

Let q G N. If 1 < % < j < q, let Ajj = aj-\ ■ ■ ■ ai+iafa^ ■ ■ ■ aj\ G 
P g (§ 2 ) which geometrically corresponds to a twist of the j th string 
about the i th string, with all other strings remaining vertical. It is well 
known that the A i; j generate P q (S 2 ). 

The following presentation of -B m (S 2 \ {x±, . . . ,x n }) was derived 
in [ GG4| using standard results concerning presentations of group ex- 
tensions [JJ (see also |LamL IMaj for other presentations). 

Proposition 31 f |GG4| V Let m > 1 and n > 1. The following 
constitutes a presentation of the group B m (§ 2 \ {x±, . . . , x n }): 

generators: A it j, where 1 < i < n and n + 1 < j < n + m, and a^, 
1 < k < m — 1. 
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relations: for 1 < i, k < n, n + l<j<l<n + m but j < n + m if I 
is absent, and 1 < r, s < m — 1, 

A ii:j A kj iA-j = A Kl ifk<i 

A-ijAijAjj = AjjAijAjj 

Ai]A it iAij = AijAjjAijAjjA^ 

AjA^Arj = Ajj Alj A j: iA i: iA k jA~l Ajj AijAjj if i < k 

• I./ •!/,./• I..; = AijAjjArjAjjAkjAjjAijATjArJ ifi<k 

Al t n+m ' ' ' A ntn+m Cr m _i ■ ■ ■ <J2°~\ 0: 'l ' " " °~rn-l = 1 

cr r a s = a s a r if \r — s\ > 2 

0~ r O~ r j r \0~ T = 0~ T -\-\0~ T 0~ r -\-\ 

o-rAijo-' 1 = Aij ifr=£j-n-l,j-n 
o-j-nAijo-J^ = Ai J+1 ifn + l<j<n + m-l. 

In the above relations, ifn + l<j<l<n + m then Ajj (which 
does not appear in the list of generators) should be rewritten as: 

Aj,l = (Tl-n-l ■ ■ ■ Cj-n+ltf-nV j-n+l ■ ■ ■ °l- n -V D 

Remarks 32. 

(a) Geometrically, we think of the n punctures labelled as points from 
1 to n, and the basepoints of the m strings as points labelled from 
n + 1 to n + m. The generator Ajj corresponds geometrically to a 
twist of the (j — n) th string about the i th puncture, with all other 
strings remaining vertical. 

(b) This presentation was derived in [GG4| for m > 1 and n > 3 (see 
Proposition 9 of that paper). But it is also correct for n = 1,2. 
Indeed, to obtain the result, a presentation of P m (S 2 \ {xi, . . . , x n }) 
was derived (Proposition 7 of [GG4j) using the fact that there is a 
split short exact sequence 

1 -> Pi(§ 2 \ {xi, . . .,x n ,x n+ x}) -> P 2 (§ 2 \ {xi, • • .,x n }) -> 

P 1 (S 2 \{x 1 ,...,x n }) -> 1, 

which is the case for all n > 1 (as 7r 2 (S> 2 \ {xi, . . . , x n }) = {!})■ To 
prove Proposition 9 of jGG4j. we then apply standard techniques 
to the short exact sequence 

1 -> P m (§ 2 \ {xi, . . . , x n }) -> P m (§ 2 \ {xi, x n }) -> S m -> 1. 

From this presentation, we may obtain easily the Abelianisation of 

P m (S 2 \{x 1 ,...,x„}): 
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Proposition 33 ( |GG4] . Proposition 11). The Abelianisation of 
-B m (S> 2 \ {xi, . . . , x n }) is a free Abelian group of rank n. □ 

2. The case n — 1: lower central and derived series of Artin's 

braid groups B rn (D 2 ) 

As we shall see below, the case n = 1 corresponds to that of Artin's 
braid groups. In Theorem I36| we recall Gorin and Lin's results, which 
we extend in Proposition notably obtaining descriptions of some 
of the derived series elements and quotients of B m (B> 2 ) for m = 3,4. 
We begin by proving the following proposition which will allow us to 
identify certain types of braid groups. 

Proposition 34. 

(a) Let z E Int(B 2 ) and m > 2. Then P m (B 2 ) = P m ~i(D 2 \ {z }). 

(b) Let m E N, let x E S> 2 , and let Y C § 2 \ {x } be a finite set. Then 
the inclusion S 2 \ {a;o} Q D 2 induces an isomorphism 

B m (§ 2 \ (Y U {x })) =B rn (B 2 \Y). 

(c) Let z E Lnt(D 2 ) and m > 1. Then B mA (B 2 ) = B m (B 2 \ {z }). 

(d) LetmEN and (xi, . . . ,x m ) E F m (Lnt(B 2 )). Then 

B mA {B 2 ) = 7n(D 2 \ {xi, x m }) x B m {B 2 ). 
Remarks 35. 

(a) Part ^ of Proposition EH is a manifestation of the Artin combing 
operation [A2] IBi2|, IHanj : any geometric pure braid of the disc is 
equivalent to a pure braid whose first string is vertical. 

(b) Taking Y = in part (jbj), and noting that homeomorphic spaces 
have isomorphic braid groups leads to the well-known isomorphism 

B m ^B m (S 2 \{x })^B m (^ 2 ). 

(c) Part (jia), and parts Q and (J3J) describe respectively the pure braid 
groups and full braid groups of the annulus. Since the latter are 
isomorphic to the Artin groups of type B [CrJ, we recover part (2) 
of Proposition 2.1 of [CrPj. 

(d) In part (jd]), the action is given by the well-known Artin representa- 
tion of the Artin braid group as a subgroup of Aut(F n ) |A1|, IBi2l 
IHanj . and may be described as follows: let . . . , <r m _i denote the 
standard generators of S m (D 2 ), and let Ai, . . . , A m denote those of 
tti(D 2 \ {xi, . . . ,x m } ,x m+ i). Then: 

?A i+1 ifj = i 

A^fiM+i if j = i + 1 
Aj otherwise. 
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This was used by Chow |ChL IHan] to obtain a presentation of 
Artin's pure braid group, and may be applied to the study of the 
Nielsen equivalence problem for fixed points of surface homeomor- 
phisms |Gu| . 

Proof of Proposition EH 

(a) Consider the following Fadell-Neuwirth short exact sequence for 
the disc: 

1 P m -i(D 2 \ {^ }) P(D 2 ) — - 1. 

Since Pi(B 2 ) is trivial, it follows that the kernel is equal to P m (B 2 ), 
and the result follows. 

(b) Let m G N and {x u ...,x m ) e P m (§ 2 \ (Y U {x })). Set X = 
{xi, . . . ,x m } and Y' = Y U {x }. The inclusion § 2 \ {x } C D 2 
induces an isomorphism of the free groups ni(S 2 \ (X U Y U {x })) 
and 7Ti(D 2 \ (XUY)). Consider the following commutative diagram 
of short exact sequences: 

1 — vr^S 2 \ (X U Y')) — P m+1 (§ 2 \ Y') — P m (§ 2 \ Y') — >- 1 

1 — 7n(D 2 \ (X U Y)) — P m+1 (D 2 \ Y) — P m (B 2 \ F) — >- 1. 

Applying induction on m and the 5-Lemma, it follows that P m (S> 2 \ 
Y') = P m+ i(D 2 \ Y). By commutativity of the following dia gram of 
short exact sequences 

i — - p m (§ 2 \ y>) c — - i? m (§ 2 \ r) — - s m — - 1 

= 

1 -P m (D 2 \F) c ^B m (B 2 \Y) *S m -1, 

and the 5-Lemma, we see that P m (§ 2 \ Y') = P m (D 2 \ Y), which 
proves part (|bj). 

(c) From the generalised Fadell-Neuwirth short exact sequence, we 
have that: 

1 P m (D 2 \ {z }) P m ,i(D 2 ) Pi(D 2 ) 1. 

The result then follows easily. 

(d) Consider the following generalised Fadell-Neuwirth short exact se- 
quence: 

1 _^ ttiOD* 3 \ {xt, x m }) — P m>1 (D 2 ) — P m (D 2 ) — 1. 
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Since admits a section given by the obvious inclusion B m (D 2 ) — > 
B m ,i(P 2 ), the result again follows easily. □ 

So by Remark 123©, B m (S 2 \{x x }) and B m (D 2 ) may be identified 
with Artin's braid group B m . The series of such groups were previ- 
ously studied by Gorin and Lin |GL| . For all m > 1, they determined 
presentations for r 2 (£? m (B 2 )), from which they were able to deduce 
that: 

THEOREM 36 (|GLJ). 

(a) The commutator subgroups T 2 (B m (3 2 )) are finitely presented. 

(b) r 2 (-B 3 (B 2 )) is a free group ¥ 2 {u,v) on two generators u and v. 

(c) r 2 (£> 4 (0 2 )) is a semi-direct product of the free group F 2 (a, b) by 
F 2 (w, v), the action (denoted by tp) being given by: 

(p(u)(a) = uau' 1 = b ip(u)(b) = ubu' 1 = b 2 a~ 1 b 

(p(v)(a) = vav~ x = a~ l b (p{v){b) = vbv^ 1 = (a~ 1 b) 3 a~ 2 b. 

(d) For all m > 5, the derived subgroup (S m (D 2 ))^ 1 ^ is perfect, i.e. 
(B m (B 2 ))^ = (B m (B 2 ))V f r all s > 2. 

We now go on to extend their results. 

Proposition El Letm>\. Then: 

(a) For all s > 3, T s (B m (B 2 )) = T 2 (B m (D 2 )). 

(b) Ifm = 1,2 then (B m (D 2 ))^ = {1} for all s > 1. 

(c) If m = 3 then the derived series of (B 3 (D 2 ))^ is that of the free 
group F 2 (w, v) on two generators u and v, where u = o^ajf 1 and 
v = o\uo^ x = o\o 2 o^ 2 . Further, 

B 3 (D 2 )/(B 3 (D 2 )) {2) = Z 2 x Z, 

where Z 2 is the free Abelian group generated by the respective Abelian- 
isations u and v of u and v, and the action is given by a - u = v and 
a -v = — u + v, where a is a generator of Z. 

(d) Ifm = A then 

(5 4 (D 2 )) (1) /(5 4 (D 2 )) (2) = Z 2 ; and 
(5 4 (D 2 )) (2) £ F 2 (a,6) x r 2 (F 2 (u,i;)), 
where a = o~ 3 o~ ^ and b = uau' 1 = a 2 a 3 a^ g 2 ■ 

Proof of Proposition El 

(a) The result follows from Lemma E2 since (B m (D 2 )) Ah = Z, and 
H 2 (Z) = {1}. 

(b) Clear. 
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(c) The first part is a direct consequence of Theorem IHHHhll . For the 
second part, the short exact sequence 

1 -> (S 3 (D 2 ))W _> 5 3 (B 2 ) -> Z -> 1 

splits, where (£ 3 (B 2 ))W F 2 (u,i;) and Z ^ (<r) = (£ 3 (D 2 )) Ab , and 
a section is given by sending a onto o"i. So 

5 3 (B 2 ) = (S 3 (D 2 )) (1) x Z, 

where the action is given by a ■ u = o\ ■ cr 2 crf 1 ■ a^ 1 = v and a ■ v = 
o x -o x o 2 of-o^ = oyo^-o^a^ 2 = U -V Then ((B 3 (D 2 ))^) Ah = 
(5 3 (D 2 ))W / (B 3 (D 2 ))( 2 ) = Z 2 is a free Abelian group with basis 
{u, v}, and so it follows that 

J B 3 (D 2 )/( J B 3 (D 2 )) (2) = ( J B 3 (D 2 )) (1) /( J B 3 (D 2 )) (2) x Z = Z 2 x Z, 

with action given by a ■ u = v and a ■ v = —u + v as required. 

(d) From Theorem IHEfcj) , we know that (-B 4 (D 2 ))^^ is a semi-direct 
product of the free group F 2 (a, 6) by F 2 (w, v), where a,b, u and v 
are as defined in the statement of the proposition, and the action is 
given by equation ([181) . Under Abelianisation of (^(O 2 ))^), we see 
that a and b are sent to the trivial element, and there are no other 
relations between u and v other than the fact that they commute. 
So 

(5 4 (D 2 ))( 1 V(5 4 (D 2 ))( 2 ) ^Z 2 . 

To see that (_B 4 (D 2 ))( 2) = F 2 (a, 6) xr 2 (F 2 (u, v)), we apply Propo- 
sition EEl Since (wa-u _1 )a _1 = 6a _1 and {ubu~ r )b~ l = 6 2 a _1 , it fol- 
lows that a, b G L, where L is the subgroup generated by T 2 (F 2 (a, b)) 
and the normal subgroup [F 2 (w, v), F 2 (a, &)] of F 2 (a, 6) generated 
by all elements of the form (ghg^ 1 )^ 1 , where g G F 2 (w, f) and 
/i G F 2 (a, 6). So L = F 2 (a, 6), and the result follows. □ 

Hence the lower central series of B m {D 2 ) is determined for all m G 
N, in particular, if m > 3 then B m (B> 2 ) is not residually nilpotent; and 
the derived series of B m (B> 2 ) is determined for all m^4. In this case, it 
remains to determine the higher derived subgroups and their quotients. 
For the next step, by Proposition l29| 

(5 4 (D 2 ))( 3 ) = [(B 4 (B 2 )) (2) , (5 4 (D 2 ))( 2 )] = K x (¥ 2 (u,v)Y 2 \ 

where K is the subgroup of F 2 (a, b) generated by r 2 (F 2 (a, b)) and the 
normal subgroup of F 2 (a, 6) generated by the elements of the form 
ip(g)(h)h~ l 1 where g G (F 2 (w,w)) (1) and h G F 2 (a, b). 

Let N be the normal subgroup of F 2 (a, b) generated by [a, b], a 2 
and b 2 . It may be interpreted as the kernel of the homomorphism 
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if): F 2 (a, b) — > Z 2 x Z 2 which to a word w = w(a, b) associates the ex- 
ponent sums modulo 2 of w relative to a and b respectively. 

In order to determine K we need to investigate the action of [u, v] 
and its conjugates on F 2 (a, b). One can check that y2(-u _1 )(a) = afe _1 a 2 , 
ip{u~ l ){b) = a, (/?(f _1 )(a) = a6 _1 a 3 and ^(-u -1 )^) = a6 _1 a 4 , then that: 

f ])(a)a _1 = a6 _2 (a6 _1 ) 4 a _1 



f]u 1 )(a)a 1 = (ab 3 (ab 2 ) ) 2 ab "a 



-2/„.-1\5l-1 



(19) 



¥?([u,i;])(6)6- 1 = ab-^ab-yb' 
V(u[u,v]u- l )(b)b- 1 = a6- 3 (o6 _2 ) 5 6- 1 . 
Clearly .K" contains [a, 6]. Further, a calculation shows that the element 

(^(K^)(a)a- 1 )- 3 (^(K^])(6)r 1 ) 2 r 2 

belongs to r 2 (F 2 (a, &)), and so to K. Hence b 2 belongs to K too. 
Considering the element 

we infer similarly that a 2 G K. Now K is normal in F 2 (a, b) and 
contains [a, b], a 2 and b 2 , so it contains N. We claim that N = K. 
Since ^ factors through Abelianisation, we see that T 2 (F 2 (a, 6)) C N. 
Let w G F 2 («, v). If ?7 G {a, b} then 

ip{if{w){r] 2 )) = ^(wrfw- 1 ) = 2ip(<p(w)(r])) = (0,0). 

Also, 

ip((p(w)([a,b])) = if)([waw~ x ,wbw~ 1 ]) = (0,0). 

This implies that if>(w)(N) C JV, so ^(to) induces an endomorphism 

<£>(w) of Z 2 x Z 2 satisfying if) o <£>(io) = <£>(w) ° ^- The surjectivity 

of if) and <£>(u>) imply that <f(w) is an automorphism. Furthermore, 

ip(wi) o <^(w 2 ) = ^(u^u^) for all Wi,w 2 G F 2 (w, v). Using the above 

relations for ip([u, v]), we see that (p([u, v]) = Id. Hence for all w G 

r 2 (F 2 (w,t>)), tfw) = Id, so il)(^(w)(h)h- v ) = (0,0) for all h G F 2 (o,6). 
This implies that K C AT, which proves the claim. 

Finally, we Abelianise (5 4 (D 2 ))( 2 ) = F 2 (a,6) x (F 2 (u,u))W. To 
the commutativity relations between a, 6, w and i>, one needs to add 
the relators the Abelianisation of the relators tp{w)(h)hr l where w G 
(F 2 (w, v and h G F 2 (a, 6), and in particular of relations (fTQjh from 
which we obtain a 2 = 6 2 = 1. But these are the only extra relations: 
since v?(w)(/i)/i _1 G Ker (■?/>), it follows from that form of N that the 
Abelianised relations are products of powers of a 2 and b 2 . We thus 
obtain: 
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UZ\U 
UZ2U 



UZ3U 



-1\2 



-1\2 



[uau 



(ubu 



Z2Z1 X Z^Z^Z 2 1 Z A l Z2 



z 2 

b 2 a- 2 ab 2 a- l [a,b}b 2 



(uabu 



-1\2 



Z 2 Z 3 lz 1 Z 'i Z 2 Z 4 Z 1 
>2 -2 ,2 -1 27,-2 _ 



-1 7,2 -2 1,2 -1 2j 

= b a ab a a b 
uz$u~ x = b 4 b~ 1 a~ 1 b~ 1 a~ 1 ab 4 a~ 1 



Z 2 Z \ z 5 z l z 2 1 



2-12 
Z 2 Z 3 Z 5 



(20) 



Table 4. The action of u on the basis zi, . . . , z$ of iV 



Proposition El 

(5 4 (D 2 )) (2) /(5 4 (D 2 )) (3) = (Z 2 x Z 2 ) x (r a (F a («,t;))) x » □ 

Using the Reidemeister-Schreier rewriting process [MKSJ, we may 
obtain a presentation of N. Let X = {a, b} be a generating set of 
F 2 (a, b) and U = {1, a, a&, aba -1 } be a Schreier transversal. If g G 
F 2 (a, 6), let g G C/ denote its coset representative. A basis of N is given 
by the set of elements of the form ux(ux)~ l where u G U and x G X 
(we remove all occurrences of the trivial element). A simple calculation 
shows that N is a free group of rank 5 with basis whose elements 
are given by a 2 , aba 2 b~ 1 a~ 1 , bab~ 1 a~ 1 , ab 2 a~ x and b 2 . This may be 
transformed into the following basis: Z\ = a 2 , z 2 = b 2 , z 3 = (ab) 2 , 
z 4 = ba 2 b~ 1 and z 5 = ab 2 a~ l . The action of F 2 (u, v) on N is given by 
equations (|20"1) and (f2lT) . see Tables 0] and El (we have used the relations 
[a, b] = ababb~ 1 a~ 2 b~ 1 = z^z^ z± , and {ba~ 1 ) 2 = Z2Z3 Z5). Hence: 

Proposition □ (S 4 (D 2 )) (3) = F 5 (zi, . . . ,z 5 ) x (F 2 (w, w))( 2 ), w/jere 
i/ie action is that induced by the action of¥ 2 (u,v) on F 5 (xi, . . . , x§) 
given by equations \2(\) and $21\) . □ 

From this, we may determine the Abelianisation ((-B 4 (B 2 ))( 3 )) Ab of 
(5 4 (D 2 ))( 3 ): 

Proposition El 

((B 4 (B 2 ))W) Ab = (B 4 (B 2 ))^ /(5 4 (D 2 ))( 4 ) 

Z 3 x Z 18 x Z 18 x (F 2 (u,v))W /(F 2 (u,v) f\ 

Proof. The action of F 2 (w,t>) on F 5 (zi, . . . ,z 5 ) is by conjugation 
which leaves T 2 {¥ 5 (z 1 , . . . , z 5 )) invariant. It thus induces an action 
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V Z\V 



VZ2V 



VZ3V 



VZ4V 



VZ 5 V 



-.(vav- 1 ) 2 = (a- l b) 2 = a- 2 (ab) 2 b- 2 ba- 2 b- L b 2 

-Z 1 1 Z%Z 2 1 Z 4 l Z2 

--a-\abfb~ 2 ba- 2 b- x b 2 a-\abfb- 2 ba- 2 b- x b 2 - 
{b- 1 a- 1 ) 2 ab 2 a- 1 b 2 {b- 1 a- 1 ) 2 ab 2 a- 1 ba- 2 b- 1 b 2 

-Z^ 1 Z%Z 2 l Z A 1 Z2Z 1 1 Z^Z 2 1 Z A 1 Z2Z 3 Z^Z^Z^ 1 Z$Z 4: 1 Z2 

--(vz 1 v~ 1 ) 2 z^ 1 z 5 z 2 z^ l z 5 z^ 1 z 2 

-{vabv~ 1 ) 2 = (a~ 1 b) 4 a~ 2 ba~ 1 ba~ 1 ba~ 1 ba~ 1 ba~ 2 b 

--(vz 1 v' 1 ) 2 z^ 1 (z 2 z^ 1 z 5 ) 2 z^ l z 2 

-(v Z\V ~ l ) 2 Z^ 1 Z 2 VZ^[ 2 Z2V~ 1 

--{a- l b)%- l a- l b- l a- l ab 2 a- l b 2 {a~ l b)~ 4 
--(vz 1 v' 1 ) 2 z 3 1 z 5 z 2 (vz 1 v - 1 )- 2 
= (a~ 1 b) 4 a~ 2 ba~ 1 ba~ 1 ba~ 1 ba~ 1 
--(vz 1 v' 1 ) 2 z^ 1 (z 2 z^ 1 z 5 ) 2 



Table 5. The action of v on the basis zi, . . . ,z$ of N 



u 




of ¥ 2 (u, v) on F 5 ( Zl , z 5 ) Ah = Z 5 = Z 5 [Z U ...,Z 5 ], where for i = 
1, . . . , 5, Zi is the image of Zi under Abelianisation. For w G F 2 (u, v), 
let M w denote the matrix of this action with respect to the basis 
(Zi, . . . , Z 5 ) of Z 5 , and let 

A w = Im {M w - h) . 

By equations JSHJ) and (jTfT) . 

to -1 o o o \ 
1 1 2 2 \ rT i 
oioo-i. U = M, 
0-1-100/' 
1 2 12/ 

and 

(-1 -2 -3 -3\ 
2 3 1 2 \ T _ i 
loo-io, V -1 = My- 
-1-3-30-2/' 
2 2 1 2 / 

Then 

( 3 3 5 2 3 \ / -3 -3 -7 -4 -3 

-3 -3 -7 -3 -4 \ x I 3 3 5 3 2 

§ § i S § )' C =M M- 1= L 4 - 3 i7- 3-°3 
-3-4-7-3-3/ \ 3 2 5 3 3 

Let L be the subgroup of Z 5 generated by the A w , where io G 
(F 2 (u, t>))( 2 '. The action of F 2 (w, v) on Z 5 restricts to an action of 
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(F 2 (u, t>))( 2 ) on Z 5 . Since L is generated by the relators M W (Z) — Z, 
where Z G Z 5 and ty G (F 2 (-u, t>))( 2 ), it follows that 

((S 4 (D 2 )) (3) ) Ab = Z 5 /L x (F 2 ( M ,*;)) (2) / (¥ 2 (u,v) f ) . (22) 

Let c = [u,v] and a = u[u, Consider first the special case w = 

[a, c], and set £ = A[ 0)C ]. We claim that: 

(%) Z 5 /£ = Z 3 x Z 18 x Z 18 , and 
(tij L = E. 

From this, it is obvious that Z 5 /L = Z 3 x Z 18 x Z 18 , and so the result 
follows from equation (j22l) . 

To prove claim (0), one may check that 

(-701 -612 -1314 -702 -612' 
1548 1351 2898 1548 1350 
10 
-702 -612 -1314 -701 -612 
1548 1350 2898 1548 1351 . 

So £ is the free Abelian group of rank 2 freely generated by A\ 
and A 2 = o ] , and Z 5 /£ has a finite presentation 





-> £ -U Z 5 -> Z 5 /E -> 0, 
where T is the Z-module homomorphism represented by the matrix 

(-702 -612 \ 
o o J relative to the bases (A\, A 2 ) and (Zi, . . . , Z 5 ). Ap- 
1548 1350 / 

plying elementary row and column operations to A, and taking P = 
' 2 l o o o \ / 18 o \ 

-11 -5 \ / 18 \ 

o ioo and Q = ( _\ _ 8 ) , we see that PAQ = o o I , which 

.0-1001/ \ 00/ 

gives the invariant factors of the Smith normal form of A |AWj. A new 

basis Wi, . . . , W$ of Z 5 is obtained by taking Wj = Yui=i (P'^ijZi, so 
W x = -5Z 1 + 11Z 2 -5Z 4 + 11Z 5 , W 2 = -Z l + 2Z 2 -Z A + 2Zc n W 3 = Z 3 , 

= Z 4 and W5 = Z 5 , and from the form of PAQ, it follows that in 
Z 5 /E, 18 Wi = 18W 2 = 0, and that W 3 , W 4 and W 5 are free generators. 
Thus Z 5 /E = Z 3 x Zis x Zis, which proves claim (0). 

We now set about proving claim (juj). Since [a, c] G (¥ 2 (u,v))^ 2 \ it 
is clear that ECL For the converse, it suffices to check that for all 
we {¥ 2 {u,v)Y 2 \ A w = lm{M w -I 5 ) C (A 1 ,A 2 ). 

First note that u and v induce automorphisms of E; indeed, one may 
check that relative to the basis (Ai, A 2 ), the matrix of u is ( ^|| ~^|g 9 ), 
and that of v is ( JS iS ). So M W (E) = E for all w G F 2 (u, u). 

Further, since for all w G ¥ 2 (u,v), M w is an automorphism of Z 5 
which leaves E invariant, if y G F 2 (m, v) satisfies A y = Im (M y — I 5 ) C 
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E then it follows that 

A wyw -i = Im (M wyw -i - I 5 ) = Im (M w (M y - I 5 )M w -i) 

= Im {M w {M y -h))Q M W {H) = E. 

So for our purposes, it will suffice to consider elements of (F 2 (w, v))^ 
modulo conjugation by elements of ¥ 2 {u, v). Moreover, if W\,w 2 G 
¥ 2 (u, v) satisfy Im (M Wi — 1$) C E for i — 1, 2, then Im (M ffil „ 2 — J 5 ) C 
E. This follows from the fact that for all x G Z 5 , 

(M TO - J 5 )(ar) = M W1 (M W2 - J 5 )(x) + (M ttl - J 5 )(x), 

and the invariance of E under M w . 

We now give a generating set for (¥ 2 (u,v)Y 2 \ A generating set 
of (F 2 (w, v))^ is given by the set of conjugates u>c ±1 u'~ 1 , where w G 
F 2 (m, t>) (cf. Remark l27l). and so (F 2 (M,f)) ( ^ 2 ' ) is generated, up to conju- 
gacy, by the set of commutators of the wc^w' 1 . So up to conjugacy, 
(F 2 (w, t>))( 2 ) is generated by the set of elements of the form [cf 1 , tcfH" 1 ], 
where E\,e 2 G {1,-1}. By conjugating by c~ x tc £2 t~ x if necessary, we 
may suppose that S\ — 1. By the remarks of the previous paragraph, 
it thus suffices to show that Im (M y — J 5 ) C (Ai, A 2 ) for elements y of 
the form [c, tc £2 t _1 ], where e 2 G {1, —1}. In order to do this, we shall 
now calculate M y — I 5 explicitly. 

Lemma 37. For all t e ¥ 2 (u,v), M tc ±x t -\ is of the form: 

(3m 3n 3m+3n— 1 3m— 1 3n \ 
— 3p —3m — 3m— 3p— 1 — 3p — 3m— 1 \ 
1 , 

3m— 1 3n 3m+3n— 1 3m 3n / 
— 3p — 3m— 1 — 3m— 3p— 1 — 3p —3m / 

where m, n, p G Z and np = m 2 . 

Remark 38. One may check easily that the inverse of this matrix 

is: 

(— 3m — 3n — 3m— 3n— 1 — 3m— 1 — 3n \ 

3p 3m 3m+3p— 1 3p 3m— 1 \ 
1 0. 

— 3m— 1 — 3n — 3m— 3n— 1 —3m — 3n J 
3p 3m— 1 3m+3p— 1 3p 3m / 

So if A satisfies the conditions of Lemma then it is inversible, and 
A^ 1 also satisfies the conditions. Notice that A may be obtained simply 
from A" 1 via the symmetry (m,n,p) i— ► (— m, —n, —p). 

Proof of Lemma We proceed by induction on the length £(t) 
of the word t. If £(t) = then t is the trivial element, and clearly 
C = M c and C^ 1 = M c -i have the given structure. So suppose that 
t has word length £(t) > 0, and that M tc ±i t -i has the given structure. 
By Remark EH it suffices to prove the result for M tct -i. Setting A = 
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M tct -i, a long but straightforward calculation shows that the respective 
conjugates of M M -i by M u , M u -i, M v and M„-i are: 

9p— 3m 3p 12p— 1— 3m 9p— 1— 3m 3p 

18m-27p-3n 3m-9p 21m-36p-l-3n 18m-27p-3n 3m-l-9p 
1 

9p— 1— 3m 3p 12p— 1— 3m 9p— 3m 3p 

18m-27p-3n 3m-l-9p 21m-36p-l-3n 18m-27p-3n 3m-£ 

9n-3m -18m+3p+27n -l+36n-21m+3p 9n-3m-l -18m+3p+27n- 
— 3n 3m— 9n — 1— 12n+3m — 3n — 1— 9n+3m 

10 

9n-3m-l -18m+3p+27n -l+36n-21m+3p 9n-3m -18m+3p+27n 

— 3n — 1— 9n+3m — 1— 12n+3m — 3n 3m— 9n 

71 — 30m+75p+3n — 57m+135p+6n— 1 71—1 — 30m+75p+3n * 

-48p+24m-3n -71 -l-108p+51m-6n -48p+24m-3n -I-71 

1 

71 — 1 — 30m+75p+3n — 57m+135p+6n— 1 71 — 30m+75p+3n 
-48p+24m-3n -I-71 -l-108p+51m-6n -48p+24m-3n -71 

where 71 = —27m + 60p + 3n, and 

72 -120m+75p+48n -147m+90p-l+60n -I+72 -120m+75p+48n ■ 
-3p+6m— 3n —72 — 1 — 18p+33m— 15n — 3p+6m— 3n — 1— 72 

10 

-I+72 -120m+75p+48n -147m+90p-l+60n 72 -120m+75p+48n 

-3p+6m— 3n — 1— 72 — 1 — 18p+33m— 15n — 3p+6m— 3n —72 

where 72 = — 27m + 15p + Yin. One may then check that each of these 
matrices has the form of the statement of the lemma. □ 

We first consider the case e 2 = 1? so y — [c, tct^ 1 ]. With the matrix 
M tct -i = A given by Lemma E3 a long but straightforward calculation 
shows once more that Mr C)tct -ii — I 5 is of the form 

' Oil CK2 CX1+CX2 a l a 2 
01 02 01+02 01 02 



Oil CX2 Otl+CX2 CXI Ot-2 
. 01 02 01+02 01 02 . 

where 

oci =1278m 2 + 216m - 1836pm - 126p - 540nm 

- 90n + 648p 2 + 450pn 

a 2 = 1728nm - 756pn - 540n 2 - 1080m 2 

+ 648pm - 72n + 180m - 108p 
f3x = - 1512m 2 - 252m + 2160pm + 144p 

+ 648nm + 108n - 756p 2 - 540pn 
p 2 = - 2052nm + 882pn + 648n 2 + 1278m 2 

— 756pm — 216m + 126p + 90m 

So Im (M[ C)tct -i] — J 5 ) is generated by the first two columns Ci,C 2 of 
M^tct- 1 ] — h- It is necessary to show that each belongs to (Ai, A 2 ), in 
other words, that for % — 1, 2, there exist r i; ft 6 Z such that t^A\ + 
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fiiA 2 = G{\ these equations are equivalent to Tj ( \ + /^-i ( T350 ) = 
(&), and admit solutions (a priori rational) of the form 

/VA l_( 1350 612 \ faA 

\tk) 324 V-1548 -702^ J ' 

Substituting for ctj, we obtain 

n = - 2469m 2 - 424m + 3570pm + 253p + 1026nm + 171n 

- 1272p 2 - 855pn 

Hi =2830m 2 + 486m - 4092pm - 290p - 1176nm - 196n 

+ 1458p 2 + 980pn 
t 2 = - 3324nm + 1484pn + 1026n 2 + 2086m 2 - 1272pm + 130n 

- 342m + 212p 

H2 =3810nm - 170 Ipn - 1176m 2 - 2391m 2 + 1458pm - U9n 
+ 392m - 243p, 

and these solutions are clearly integers. Hence Ci,C 2 G (Ai, A 2 ) as 
required. 

To deal with the case e 2 = —1, it suffices to invoke the observation 
of Remark IHH1 concerning the symmetry between A and A -1 . The above 
analysis holds, and we obtain the same solutions as above, but replacing 
everywhere m, n and p by — m, — n and — p respectively. This proves 
claim ijiijl . and completes the proof of Proposition |H1 □ 

We would now like to go a stage further, and determine (_B 4 (D 2 ))^ 
and/or its Abelianisation. By applying PropositionEElto Proposition^ 
(5 4 (D 2 ))( 4 ) is isomorphic to M x (¥ 2 (u,v)) {3 \ where M is the sub- 
group of ¥ 5 (zi) = ¥ 5 (zi, . . . , Z5) generated by T 2 (¥ 5 (zi)) and the nor- 
mal subgroup generated by the elements of the form <^(p)(/i)/i _1 , where 
g G (¥ 2 (u, v)y and h G ¥ 5 (zi). However, the complexity of finding a 
basis of (F 2 (ti, v)p 2 ^ and calculating the action on ¥ 5 (zi) makes it ex- 
tremely difficult to obtain a description of M. In order to get some idea 
of the situation, we shall turn our attention to studying the semi-direct 
product F 5 (zj) x F 2 (w, v). In any case, the calculations that follow shall 
be used later in Section[E]in order to study r 2 (£? 3 (S> 2 \ {xi,x 2 })). 

From relations pOl) and pTT) . we have an action of ¥ 2 (u,v) on 
¥ 5 (zi, . . . ,z 5 ), and thus a semi-direct product ¥ 5 (zi, . . . ,z 5 ) x ¥ 2 (u,v). 
Let 



e: ¥ 5 (z 1 ,...,z 5 )x¥ 2 (u,v)^(¥ 5 (z 1 ,...,z 5 )x¥ 2 (u,v)) Ab (23) 
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be Abelianisation. From relations (ffill) and (|2*T1) . it follows that 

(F 5 (zi,...,z 5 ) xF 2 («,«)) Ab = Z0Z 2 , 

where e(«) = (0, 1, 0), e(v) = (0, 0, 1), e(^) = (1, 0, 0) if i = 1, 2, 3 and 
efa) = (-1,0,0) if i = 4,5. 

Let (Zi, . . . , Z 5 ), (Wi, . . . , W5) be the bases of Z 5 given in the proof 
of Proposition [HI Let 

e: F 5 (2i,...,2 B ) x (F 2 («,^)) (2) - (F 5 (z 1? ...,z 5 ) x F 2 (u, V )( 2 )) Ab 

be the restriction of e to F 5 (zi, . . . , z 5 ) x (F 2 (w, f )) ( - 2 - ) . We identify 
this latter group with Z 18 x Z i8 x Z 3 x (F 2 (u, w)) (2) /(F 2 (m, v)) (3) via 
Proposition [HI Since Z x = 2Wi - 11W 2 - W 4 , Z 2 = W X - 5W 2 - W 5 
and Wi = Zi for i = 3, 4, 5, as an element of Z 18 x Z 18 x Z 3 , we have 
efa) = (2 L -JT,0,-1,0),£(^) = (1,-5,0,0, -1), e(s 3 ) = (0,0,1,0,0), 
e( Z4 ) = (0,0,0,1,0) and e{* 5 ) = (0,0,0,0,1). We thus obtain the 
following commutative diagram of short exact sequences: 



(5 4 (D 2 ))( 4 ) G ((5 4 (D 2 )) (3) ) 



Ab 



(24) 



1 Ker (e) # Z © Z 2 1, 

where we set 

G = ¥ 5 {z u ...,z s )x (¥ 2 (u, v))W and H = ¥ 5 ( Zl , . . . , z 5 ) x F 2 («, u). 

The first two vertical arrows are inclusions. Identifying ((5 4 (D 2 ))^) Ab 
with Z 18 x Z 18 x Z 3 x (F 2 (m,w))( 2 V(F 2 (m,w)) (3) as above, the induced 
homomorphism £ of the Abelianisations sends (F 2 (w, v )p 2 '/ (F 2 (w, t>))® 
and the S-cosets of and W 2 onto the trivial element, and 

£(w 3 ) = -e(w 4 ) = -e(w 5 ) = (i,o,o). 

Let us determine Ker (e). Since e is Abelianisation, it follows from 
Proposition EH that 

Ker (e) = T 2 (¥ 5 { Xl ) x F 2 («, v)) = L x T 2 (F 2 (u, v)) , 

where L is the subgroup of F 5 (zj) generated by T 2 (¥ 5 (zi)) and the 
normal subgroup generated by the elements of the form (p(g)(h)h~ l , 
where g G F 2 (w,t>) and h 6 Fs^). Let p: F 5 (zj) — > Z be the restriction 
of £ to the first factor, in other words, 

*«) = l l if! = 1 ' 2 ' 3 (25) 
^ V ; [-1 if z = 4,5. y ' 

Proposition 39. L = Ker(p). 
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z f 




z i" 


z l x 




1 


Zl 


Z l 






1 
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1 


Zl 
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1 




z l 


z z 2 z\ 


Z l 


2 z 2 Zi 


Zl X Z2 


z 2 


z 2 z x 1 


ZiZ 2 Z x 2 


2 — 

z 1 z 2 z 1 


3 


z l 


z z 3 z\ 


Z l 


2 z 3 zi 


z x l z 3 


Z3 


^3 Zi 1 


Z\Z 3 Z X 2 


2 — 

z x z 3 z x 


3 


z l 


Z4 L Z 1 


z l 


z±z x 


-1 2 

Zy Z^Z-y 


z 4 


ZiZ\ 


Z1Z4 


2 — 
2^ ^4^1 


1 


z l 


3 ~ ~4 
Z 5 Z 1 


Z l 


2 z 5 zf 


-1 2 
z x Z 5 Z X 


z 5 


Z5Z1 


Z1Z5 


2 — 
Z\Z^Z X 


1 



Table 6. Determination of a basis of Ker (p) 



Proof. We first apply the Reidemeister-Schreier rewriting process 
in order to obtain a basis of Ker (p). Taking X = {z±, . . . ,z 5 } as a 
basis of F 5 (zj), and U = {z\} ieZ as a Schreier transversal, one may 
check that a basis of Ker (p) is given by 

{z x l Zjz\ l } ieZ j 6{2|3 j (J { z i l ^ z i +1 }i e z,je{4,5} • 

These calculations are presented in Table El 

We may now show that Ker (p) C L. Indeed, since L is normal 
in F 5 (zj), and all basis elements of Ker (p) are conjugates of z 2 z x , 
Z3Z1 , and 2:5^1 by powers of zi, it suffices to show that these four 
elements belong to L. This can be done by studying equation (TZUj) . 
First, z 2 z x x = if(u)(zi)z x , so z 2 z x E L. Next, 

(p(u)(z 2 )z 2 1 = z 2 z x x ■ z h z?,z 2 x z1 x E L, 

so Z5Z3Z2 zl E L, and ^(u)^)^ 1 = z 2 z^ l z^ E L. Thus 

ip{u)(z 3 )z^ 1 = z\z^ x z h ■ z 5 z 3 z 2 1 z^ 1 ■ z 2 z^ E L, 

so z 2 z^ 1 = z 2 z x (z 3 z x ) _1 G L, and hence ^zf 1 G L. Since 

<p(m)(2 5 )2 5 " 1 = 2 2 • z 2 z 3 1 • Z5Z1 • z x 1 (z 2 z x 1 )z 1 • ^ e h 

and L is normal in F 5 (z,j), it follows that z 5 Zi G L. Finally, since 

z 5 z 3 z 2 ~ 1 z^ 1 E L, and 

z 5 z 3 Zl 2 z 4 1 = ^5^1 ' z l { Z 3 Z 1 l ) z l ' ^1 l { z 2 z l *) 1 Zl • (z A Zi) , 

we have Z4Z1 E L. This proves that Ker (p) C L. 

We now prove that L C Ker(p). Clearly r 2 (F 5 (zj)) C Ker(p), and 
since Ker (p) is normal in F 5 (zj), it suffices to prove that all elements 
of the form <p(g)(/i)/i -1 , where g E ¥ 2 (u,v) and h E Fs(zj), belong 
to Ker(p), which we do by double induction. Let £ denote the length 
function defined on elements of free groups. If £(g) = or £(h) = then 
the result is clearly true. If £(g) = £(h) = 1 then one may check directly 
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using equations ipOl) and J2H) that ip(g)(h)h~ 1 E Ker (p) for g E {u, v}. 
Suppose that g E {it -1 , v^ 1 }. In order to show that tp{g){h)h~~ l belongs 
to Ker(p), it suffices to show that its inverse h(tp(g){h))~ l belongs to 
it. Since <p(<? _1 ) is an automorphism, there exists h\ E ¥ 5 (zi) such that 
ipig- 1 )^) = h. Thus 

h&igXh))- 1 = rtg- 1 )^)^) o ^-^(h))' 1 = v^XW 1 , 

and the result follows from the case g E {u,v}. 

First suppose that £(g) = 1, and that the result is true for all h 
of length less than or equal to n > 1. Let hi E F 5 (^) be such that 
£{h') =n + l. Set ti = hz, where h, z E F 5 (^), £(h) = n and £{z) = 1. 
Then 

ipiffWh'- 1 = <p{g){h)h- 1 ■ h( V (g)(z)z^)h-\ 

By induction, both terms on the right-hand side belong to Ker (p), and 
using the fact that Ker (p) is normal in F 5 (zj), we see that the result 
holds for all g of length one, and all h. 

Now suppose that the result is true for all g of length less than or 
equal to n > 1, and all h. Let g' E F 2 (w, v) be such that £(g') — n + 1. 
Set g' = gy, where g,y E F 2 (w, v), £(g) = n and £(y) = 1. Then 

iptfmtr 1 = vMpWhMvmhT 1 ■ v(y)(h)h-\ 

Since ip(y)(h) E ¥ 5 (zi), the result follows by induction. This completes 
the proof of the inclusion L C Ker (p), and thus that of the proposition. 

□ 

3. The lower central and derived series of -Bi(§ 2 \ {xi, . . . ,x n }) 

Let m — 1 and n > 1. The group -Bi(§ 2 \ {xi,...,x n }) is the 
fundamental group of S 2 \ {xi, . . . , x n }, and so is a free group on n — 1 
generators. So its lower central and derived series are those of free 
groups of finite rank. Further details about the lower central series of 
such groups may be found in [Hall IMKSj . 

4. The lower central and derived series of B m (E> 2 \ {xi, . . . , x n }) 

for m > 3 and n > 2 

In this section, we prove Theorem|Hl which tells us that if n > 2 then 
for most values of m, the lower central and derived series of B m (E> 2 \ 
{xi, . . . ,x n }) are constant from the commutator subgroup onwards. 

Theorem El Letn>2. Then: 
(a) If m > 3 then 

T z {B rn {& \ {x 1; . . . , x n })) = T 2 (B m (S 2 \ {xi, . . . , x n })). 
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(b) Ifm>5 then 

(B m (S 2 \ {xi, x„})) (2) = (B m (§ 2 \ { Xl , x n })) (1) . 

(c) If m = 4 then 

B 4 (S 2 \ {x u x n })/(B,(S 2 \ x n }))W (Z 2 x Z) x Z^ 1 

where the semi- direct product structure is that of part of Propo- 
sition^ and 

(B A (S 2 \ { Xl , x n })) (1) /(i?4(§ 2 \{xi,..., x„})) {2) = Z 2 . 
Alternatively, 

5 4 (§ 2 \ {x 1} . . . , x n })/(B 4 (S 2 \ { Xl , x n }))W - Z 2 x ZT, 

where Z 2 = (B 4 (S 2 \{x u x n }))« / (B 4 (E> 2 \{x u . . . , x n }))^ is the 
free Abelian group with basis {u, v}, Z n = _B 4 (§ 2 \ {xi, . . . ,x n }) Ab 
has basis a, pi, . . . , p n -i, and the action is given by 

a -u — v a -v = —u + v 

Pi -u = u pi -v —v 

for all 1 < % < n — 1 . 
Remarks 40. 

(a) For the lower central series of B m (§ 2 \ {x±, . . . , x n }), the only case 
not covered by Theorem El is m = 2 and n > 2; it will be discussed 
in Sections El and El 

(b) For the derived series of B m (§ 2 \ {x±, . . . , x n }), the outstanding 
cases are n > 2 and m = 2, m = 3 and m = 4 (see Sections El El HI 
andEJ). 

Proof of Theorem El The idea of much of the proof is similar 
to that of Theorem HI Let m, n > 2. Set B m ^ n = B m (S 2 \ {x±, . . . , x n }). 
Then we have a short exact sequence 

i ~~ > r 2 (i? m) „) — > B mn — > (B mn ) Ah — > i. 

From PropositionEHl (5 m ,n) Ab is a free Abelian group of rank n, gener- 
ated by pi, . . . , p n , a, and subject to a single relation pi ■ • ■ p n a 2 ^ m ~^ = 
1. Taking the generators of B m ^ n given by Proposition EU all of the 
(jj are identified to a by a, and for each 1 < i < n, all of the A i; j, 
n + 1 < j < n + m, are identified to pi. 

Let H C r 2 (-B mi n) be a normal subgroup of -B min , and let 

7r . B rn n > B m n / H 
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denote the canonical projection. Then a factors through B mn /H, and 
we have a short exact sequence of the form: 

1 K B m jH {B m;n ) Ah 1, 

where a = a o 7r and K = T 2 (B mtTl ) / H . 

In what follows, we shall impose one of the following two hypothe- 
ses: 

(i) K is Abelian. 

(it) K is central in B mn /H. 

Remarks 41. 

(a) If H = r 3 (_B m n ) then condition (JuJ) is satisfied. 

(b) If H = (B mt n)^ then condition (0) is satisfied. 

(c) Clearly condition (JTTJ) implies condition (0. 

From Proposition we conclude that cff, . . . , cr m _i and the Ajj, 
1 < i < n, n + l<j<n + m, generate B m ^ n /H. Since a identifies the 
<Tfc to a, we see that a identifies the Ok to a. So for 2 < k < m — 1, 
there exists tk & K such that Ofc = t^oT. 

Suppose first that condition (jnj) is satisfied. Then tk commutes 
with a\. For 1 < I < m — 2, we deduce from applying n to Artin's 
relations oYoT+ToY = oT+T 0707+1 that t 2 = 1 and = t^+i if / > 2. Thus 
oT = ■ ■ ■ = (T m _i. This argument holds for all m > 2. 

Now suppose instead that condition (0 is satisfied. Let m > 5. If 
3 < A; < m — 1, then since Ofc commutes with <ti, we have that 

oT ■ ifcoT = 4oT • oT, (26) 

and hence tk commutes with o\. Now let 4 < / < m — 1 (such an / 
exists). Since 07 commutes with <r 2 , we obtain 

But K is Abelian, and thus it follows that t 2 commutes with crj~. Ap- 
plying this to the image under n of the relation 0\o 2 o\ = o 2 o\o 2l we 
see that t 2 — t 2 , and hence t 2 = 1. Finally, if / > 2 then the relation 
aia i+1 a t = ai +1 a t ai +1 implies that U = t i+1 , and so t 2 = • • • = £ m _i. 
Hence a! = 02 = • ■ ■ = cr m -i- 

Let us now consider the A iy j. In what follows, we suppose that 
m > 3 and <tT = 02 = • • • = <7 m -i (which as we have just observed, 
is the case if either condition (JuJ) holds, or if condition (0 holds and 
additionally m > 5). By Proposition [SU aj- n Aija~\ = where 
n + 1 < j < ?2 + m — 1 , and if r ^ j — n — 1, j — n then a r Ai^a~ x = Aij . 
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Since for all n + 1 < j < n + m, 

we see by projecting into _B m>n /if, and using the condition m > 3 that 

~~a — j—n—V~A — (j— n— 1) ~~a -=r— 

— °m-l ^-i,n+l 0m-l — A i,n+l — t-Hj 

where a« = Aj iTl+ i. Taking j = n + 2, it follows that Hi commutes with 
o\. Applying this to the first relation of the presentation of B m ^ n given 
in Proposition El it follows that the ai commute pairwise. Projecting 
the remaining relations for B m ^ n into B m ^ n /H give nothing new, ex- 
cept for the surface relation which yields «T • • •a^<7T 2(m ~ 1 ) = 1. Hence 
B m ,n/H is an Abelian group generated by «T, . . . , aH and o\, in which 
the relation satisfied. Since a is surjective, we 

conclude by the Hopfian property of free Abelian groups of finite rank 
that a is an isomorphism, so B mn jH = Z n , and H = T 2 (B mtn ). 

Taking m > 3 and H = T 3 (B m n ), condition (EH) is satisfied, and we 
conclude from the above arguments that T 3 (B mn ) = T 2 (B mjn ). This 
proves part (jaj) of the proposition. 

Taking m > 5 and H = (B m>n )( 2 \ condition (Q) is satisfied, and we 
conclude similarly that (B m>n p 2 > = T 2 (B m ^ n ) = (-B m> „)^ 1 ' ) , which proves 
part (|bj) of the proposition. 

Now let us prove part (p) of the proposition. Let m = 4 and 
n > 2, and making use of the previous notation, set H = (B^ n )( 2 \ 
Then condition (jij) holds, and indeed (B^p^/H is Abelian. As in 
the case m > 5 (cf. equation (|26l )V we see that t 3 commutes with <5T. 
From the remaining two Artin relations, we see that ait 2 Wi = t 2 o\ 2 t 2 
and t 3 o\t 2 o\t 3 = t 2 o\t 3 cr[t 2 . But £3 commutes with both t 2 and erf, 
hence the second equation reduces to t 3 ait 2 o\ = t 2 ai 2 t 2 . From the first 
equation, we see that t 3 = 1, in other words, <i\ and 03 are identified 
under n to a say, and there is just one Artin relation of the form 
ad^a = 'W 2 a'a 2 . Further, for i = 1, . . . , n, 

Ai, n +2 = 01 A,n+i 0i 1 = 03 A ijH+ i a 3 1 = A i<n+ i, 
Ai, n +3 = a 2 Ai !n+2 a 2 1 = a 2 Ai tn+ % a 2 1 = Ai <n+ i, and 

Ai !n +4 = (T3 v4j t „ + 3 CT3 1 = CT3 Ai >n+ i (T3 1 = Ai >n+ i. 

So for each i — 1, . . . , n, the A^j are identified by 7r to a single element 
Wi which commutes with both a and 'a 2 . So B^ n j (B^ n )^ is generated 
by a, <72, Oi, . . . , subject to the relations 

crater = a 2 'a'a 2 , a, ^ ai, a^, ^ aj, for all 1 < i,j < n — 1. 
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So there exist homomorphisms 

/: B 4>n -> B 3 (D 2 ) x Z™- 1 

given by 

/(flr 2 ) = cr 2 

/(Ai) = A if 1 < i < " - 1 

/(Ai) = A-i • ■ ■ a vrVj VrVj 1 ^ 1 , 

where (v4 1; . . . , A n _i) is a basis of Z n_1 , and 

tt: B 3 (D 2 )xr 1 ^V( B 4,n) (2) 

defined by 

7r(cri) = a 
tt (a 2 ) = 02" 
7r(A) = OTh 

and satisfying n = n o f . Since / is surjective, to prove the first 
part of (jnj), by Proposition (Hftnj) , it suffices to show that Ker (tt) = 
(5 3 (D 2 )) (2) - 

First let us show that (B 3 (B 2 ))^ C Ker(^). Let y G (5 3 (D 2 ))( 2 ). 
In particular, y may be written as a word 10(01, cr 2)- Considering this 
word to be an element x of B^ n , since y G (5 3 (B 2 ))( 2 ), we have that 
x G (£>4 in )( 2 ) and /(x) = y. Since ir(x) = e, it follows that y G Ker (n). 

Conversely, let y G Ker (7?). Since / is surjective, there exists x G 
B in such that fix) = y, and so x G (-B 4j „)^. But since (-B 4>n )W is 
the normal subgroup of B in generated by the commutators [flfc, C7j], 
[o"A;,Ajj] and [Aij, Ai'j/}, where 1 < k, I < 3, 1 < i, %' < n and 1 < 
< 4, / is surjective and Z n_1 is a direct factor of B 3 (H) 2 ) x Z n_1 , 
it follows that / (GB 4 ,n) (1) ) = (S 3 (D 2 ))W, and thus / ((£ 4 ,n) (2) ) = 
(S 3 (D 2 ))( 2 ). In particular, y G (B 3 (B 2 ))( 2 \ We thus conclude that 
B 3 (B 2 )/(B 3 (B 2 ))^ x Z"- 1 = S 4 ,n/(S 4 ,„) (2) , which proves the first part 
of©. 

We now move on to the second part of (jnj). Consider the homo- 
morphism -B 3 (D 2 ) — > B^ n given by at h-> Oj. Since y ((£? 3 (0 2 ))( l) ) C 
(-B 4;n )« for all i G N, there is an induced homomorphism 

g: B 3 (3 2 )/(B 3 (3 2 ))^ -> ^/(S^)^, 

which sends the coset of a, onto 07, as well as its restriction 

9l : ( J B 3 (D 2 ))W/( J B 3 (D 2 ))( 2 ) - (B^V^n)®- 
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Similarly, since £> 4 (S> 2 \{xi}) = £> 4 (B 2 ) by Proposition^!! the surjective 
homomorphism -B 4 (S> 2 \{xi, . . . ,x n }) — > £> 4 (§ 2 \ given by closing 

up the n — 1 punctures X2, ■ ■ • , x n induces a surjective homomorphism 



1(2) 



5 4 (D 2 )/(5 4 (D 2 )) 



2^(2) 



which sends cr, onto the coset of ov, as well as its restriction 



1(2) 



J B 4 (D 2 )( 1 )/( J B 4 (D 2 ))( 2 ). 



Hence we obtain the following commutative diagram: 



(S 3 (B 2 )) (1) /(^3(D 2 )) (2) 5 3 (D 2 )/(5 3 (D 2 )) 



(2) 



(B 3 (D 2 )) 



2\\Ab 



9i 



(5 4)ri )W/(S 4)) 



1(2) 



-B4,n/ (-B4,; 



l(2) 



(-B4,n 



,Ab 



(S 4 (D 2 ))( 1 )/( J B 4 (D 2 ))( 2 ) fi 4 (D 2 )/(5 4 (D 2 )) 



(2) 



^ 4 (D 2 )) Ab . 



Note that the rows are all short exact sequences. 

Now consider the first column. From |GL] and Proposition 
we know that (B 3 (B 2 ))W / (B 3 (B 2 ))W and (B 4 (B 2 ))W /(B 4 (B 2 ))M are 
both free Abelian groups of rank 2, generated by their respective cosets 
of it = cr 2 (xf 1 and v = Oio^crf 2 : . By definition of g and h, it follows that 
hi o gi is an isomorphism, sending the (£> 3 (B 2 ))( 2 )-coset of u (respec- 
tively v) onto the (-B 4 (D 2 ))( 2 )-coset of u (respectively v). Thus to prove 
that (-B 4>n )W/ (B^n)^ = Z, 2 , it suffices to show that g\ is surjective. To 
see this, let x G (S 4jn ) (1) / '(-B 4 ,„) {2) . Since z G B A)n / (B^ n ) {2 \ it follows 
from above that 



a; 



■mi 



ft 



n-1 



-Uln-l 



where G Z for 1 < i < n — 1 and u>(cf, 0^) is a word in a and 
02. Projecting into (_B 4n ) Ab , since cf and 02 map onto a, and ft7 
maps onto pi, and furthermore, cr, p 1; . . . p n -\ generate freely (i? 4n ) Ab , 
we see by exactness that the 777,3 are all zero, in other words, x = 
w(a,aZ). Now take z = w{<T U a 2 ) e -B 3 (D 2 )/( J B 3 (D 2 )) (2) , so that 
#(2:) = x. Projecting z into (5 3 (D 2 )) Ab yields zero by commutativity 
of the diagram (the homomorphism (B 3 (0 2 )) Ab — > (-B 4 , n ) Ab is injec- 
tive), hence z G (B 3 (B 2 ))W / (B 3 (B 2 ))( 2 \ and thus g x is surjective. So 
(5 4 (§ 2 \ {xx, . . . , x„}))( 1 )/( J B 4 (§ 2 \ [ Xl , . . . , x n }))^ Z 2 , which proves 
the second part of part (jsj). 
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Finally, we prove the last part of part (Ej) . Consider the short exact 
sequence 

1 - (5 4 ,n) (1) /(£4,n) (2) - B 4>n /(B^ A (i? 4in ) Ab - I- 

Recall that (S 4 n ) Ab is a free Abelian group with basis {a, pi, . . . , p n -i}, 
and that up to isomorphism, we may identify B 3 (B 2 ) / (B^B 2 ))^ xZ' 11 ^ 1 
with B± >n j \B i>rt )( 2 \ where the Z n_1 -factor has a basis {oT, . . . , a n -i} 
for which a(c^) = p«. It follows that a admits a section given by a i— > a 
and Pi i— > aj, and hence 

54,n/(54,n) {2) = (B 4 ,n) (1) / (5 4 ,„) (2) X (B^. 

Taking the basis {m, w} of (-B 4 , n ) < ' 1 V (-B4,n) — ^ 2 > the action is given by 
pi-u = WiUlxT 1 = u and pi-v — c^voi -1 = v since cq commutes with 
a and a^, and a ■ u and a • tJ are obtained as in the proof of the second 
part of Proposition Eftnj) . This completes the proof of Theorem El □ 
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Let m > 2. As we saw in Theorem EH the lower central series 
of B m (§ 2 \ {xi, . . . , x n })), n > 2, is constant from the commutator 
subgroup onwards if m > 3. In this section, we study the case n = 2 
in more detail. The special case m = n = 2 will also be analysed later 
in Section H and the case m > 3 and n = 2 will also be discussed in 
Section 

From Remarks 135} we know that B m (§ 2 \ {xi,x 2 })) is the m-string 
braid group of the annulus, and so is isomorphic to the Artin group 
of type B m . Presentations of these groups were obtained in |LamL 
MaJ, as well as in [KPJ (we will come back to this presentation in 
Proposition EEJ). Annulus braid groups were also studied in |Cr|, IPR] . 

Let m > 2. From Proposition EU it follows from part (jEJ) that 
B m (S 2 \ {xt, x 2 }) = B m (B 2 \ {x 2 }), and from part (® that 

B m (B 2 \ {x 2 } , {x 3 , . . • , x m+1 ,x m+2 }) S 5 m ,i(B 2 ). 

Hence B m (S 2 \ {x u x 2 }) = B mA (D 2 ). But from part (jdj), 

5 m ,i(D 2 ) = 7r 1 (D 2 \{x 3 ,x 4 ,...,x m+2 },x 2 ) x B m (B 2 ) 
= F m (A 2i3 ,...,v4 2 , m+2 ) x B m {B 2 ), 

where £> m (B 2 ) is taken to be generated by a 3 , . . . , a m +i, and the action 
if of the (Ti, 3 < i < m + 1, on the A 2 j, 3 < j < m + 2 is that given by 
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the Artin representation: 

{A 2 ,j+i if j = i 

A~]A 2tj _ l A 2 , j iij = i + l (27) 

A 2 j otherwise. 

From this, we may deduce that: 

(A 2 j-i if j = i -h 1 

ai 1 A 2jj a i = I A 2>j A 2J+1 A 2 ] if j = % (28) 
\A 2 j otherwise. 

Proposition EH Let m>2. Then: 

(a) B m (E> 2 \ {xi,x 2 }) = ¥ m x B m (Tt> 2 ), where the action tp is as given 
in equation ^2T\) . 

(b) r 2 (5 m (§ 2 \ {x 1 ,x 2 })) S Ker{p) x T 2 {B m {B 2 )), where 

p: F m (A 2 , 3 , • • • , A 2)m+2 ) -> Z 

is the augmentation homomorphism, and the action is that induced 
by (p. 

Proof. Part (Jsj) was proved above, and in any case is a restatement 
of the results of Proposition EH So let us prove part (jEj). Set F m = 
^(^2,3, • • • ,A 2 ^ m+2 ), and let L be the subgroup of F m generated by 
T2(F m ) and the normal subgroup generated by the elements of the 
form <p(g)(h) ■ h^ 1 , where g £ B m (B> 2 ) and h £ F m . By Proposition l29| 
it suffices to prove that L = Ker (p) . 

First we show that L C Ker(p). Since p factors through Abelian- 
isation, we have clearly that T 2 (F m ) C Ker(p). Further, since Ker (p) 
is normal in F m , it suffices to prove that (p(g)(h) ■ h^ 1 £ Ker(p), 
where g £ _B m (B 2 ) and h £ F m . This is equivalent to showing that 
p(h) = p((p(g)(h)) = p(ghg~ l ) and may be achieved by double induc- 
tion as follows. If g and h are both of length 1, in other words if they 
are generators or inverses of generators of their respective groups then 
the result holds using equations p7[) and ([28|l Secondly, if g is of 
length 1 then the result follows for all h by applying induction on the 
word length of h (relative to the given basis of F m ) and the fact that 

ghxh 2 g~ l = ghg' 1 ■ gh 2 g~ l 

for all hi,h 2 £ F m . Finally the result holds for all g and all h by apply- 
ing induction on the word length of g (relative to the given generators 
of B m (D 2 )) and the relation 

gmKgigiY 1 = gih'gi 1 , 
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39 



where g±, g 2 G B m (3 2 ) and h! = g2^g 2 x G F m . This proves that L C 
Ker (p). 

To see that Ker (p) C L, we determine a basis of Ker (p) with 
the help of the Reidemeister-Schreier rewriting process. Taking X = 
{A 2j 3, . . . , A 2 ^ m+2 } as a basis of ¥ m and U = {A\ 3 ]■ z to be a Schreier 
transversal, we see that a basis of Ker (p) is given by the elements 
of the form < A\ nA 2 jA 9 H , or in other words, the 

I 2,3 J 2 ' 3 JieZ,je{4,...,m+2}' 

conjugates of the A 2 jA 23 by A 23 . Since L is normal in F m , it suffices 
to prove that the A 2 ^A^ 3 belong to L. This is the case, since for all 
3 < j < m + 1 , 

ip(a J )(A 2 j)A 2 ^ j = A W A 2 ) G L, and 

^2,j+1^2,3 = ^2J+1^2j ' A2,jA 2 j _ 1 ■ ■ ■ A 2y 4;A 23 G L. 

Thus Ker (p) C L, which completes the proof of part (|bj) of the propo- 
sition. □ 



We now investigate further the case m = 3. By Theorem EE1 
r 2 (_B 3 (D 2 )) is a free group ¥ 2 (u,v) of rank 2, where u = a^a 3 x and 
f = <y 3 a^a 3 2 ■ For z G Z, we set 



« 4 = 4 3 4mA-| +1) 



Ao 3 a ^ 2 .3 and 



A = A\ 3 A 2 *>A 2 



3" 



Using relations (j27|) and IpHll . one may check that 



mA 2i3 m 1 = A 2fi A 2 ^A 2 1 
uA 2A u~ 1 = A 2i3 

uA 2)b U~ l = ^25^2,4^42,5 



^2,3^ 1 

v A 2j ±v~ 1 
vA^v' 1 



^2,4^2,5^2,4^,5^2,4 

^2,4^2,5^2,4 
^2,5^2,4^2,3^2,4^2,5, 



then that 



uA 2/i vT l 



--uA 2A A 2 ^u-' = {A^A^A^y 1 = fc 1 
--uA^A^vT 1 = (A^A 2}5 )-\A^ 3 A 2A )(A 2j5 A 2 ^ 
(A 2 ^A 2fi A 2 l)- 1 = pzla-xfafc 1 



--n ■ A 



2,3? 



(29) 
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where n = A 2 , 3 A 25 A 23 
-l 



(i+l) 



G Ker (p) , and finally that 



va v 



vA 2A A 2 \v 1 



(A 2A A^)(A 2 ^A 2 , 5 A 



2,3/ 



otaPxP 2 oi 2 Pi a o 



2,3) 



{A 2A A 2 iy l 



v/3 v 1 =vA 2 ^A 2 



-i„.-i 



(A 2 \A 2 , ) )- 1 {A 2 lA 2A A 2 , 



(A 2 }A 2A ) (A 2i5 A 2 i) (A 2j3 A 2A A 2 *) {A\ 3 A 2 ^A 2 
(A\ z A 2A A 2 l)-\A 2 ^A 2 ^A 2 l)-\A 2A A 
= (3ZiCtZ 2 o>-i(3oaif3 2 a 2 l Pi 1 ctn 1 



1) 



1,3) 



(30) 



V ^-2,3 V 1 ~~ S i^2,3? 

where = A 2A A 2t5 A 2A A 2 ^A 2A A 2 ^ G Ker(p). Up to expressing the 
rj and Sj in terms of the «j and Pi, we thus obtain a complete set of 
relations for Ker (p) x F 2 (u,t>): 

uaiVT 1 = Tifi'^rZ 1 



t>/?^ 1 = SiP^a^ai-xPiai+xPi+iai^Pi+x^i 



V 1 



(31) 



for all « G Z. 

Setting 5*j (resp. /%) to be the Abelianisation of on (resp. Pi), and 
Abelianising equations (|3lT) . we obtain: 



(32) 



OC{ = ~Pi+l 

Si = all's 

Si + 6£Z\ + «7+2 = 

for all i G Z. By Proposition [110 , (5 3 (§ 2 \ {n i 2 })) (1) / (5 3 (§ 2 \ 

{^1,^2}))^ is Abelian, generated by the Oj and z G Z, and the 
Abelianisations of it and u, subject to these relations, and so is a free 
Abelian group with basis So, Si and the Abelianisations of u and t>. 
Hence: 



Proposition fTTl 

(B 3 (§ 2 \ {x 1; x 2 })) (1) /(5 S (§ 2 \ {an, a*}))® S Z 4 . 

With the help of Proposition HH we may obtain the following: 
Proposition fT2l 

B 3 (§ 2 \ {x u x 2 }) /(B 3 (§ 2 \ {x 1; x 2 })) (2) - Z 4 x Z 2 , 



□ 
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where Z 4 has a basis jSo, Po, u, v\, Z 2 has a basis {a, p{\, and the 
action is given by: 

a ■ u = v a -v = —u + v 

a ■ cTq = p o • Po = Po — So 

p 1 -a = a pi ■ (3 = P 

Pi • u — —So — u + v pi -v = ~Po — u. 

Proof. Consider the following short exact sequence: 

1 -> (fi 3 ,2) (1) /(5 3 , 2 ) (2) - Ih:l [Ih.f 1 - i?3 Ab - 1, 

where B 3>2 = B 3 (E, 2 \ {x u x 2 }). From Proposition CU (B 3>2 )^ / (B 3>2 )^ 
is a free Abelian group of rank 4 with basis So, Po, u and v, where ao = 
^2,4^2,3? Po — ^2,5^2,3 an d ^ ^ are the respective Abelianisations of 
u = a^a^ 1 and v = a 3 a^(J 3 2 . Further, (5 3i2 ) Ab is a free Abelian group 
of rank 2, with basis a, p%, where a(o^) = a(Wl) = cr, and a(A lt j) = pi 
for j = 1, 2, 3. Then a i-> 03 and p\ 1— > A lj5 defines a section for a. 
Let us now determine the associated action. We have already seen that 
cr ■ u — v , and cr • v — u~ l v, so a • u = v, and o ■ v = —u + v. Further, 
from equation (J23), we have a ■ a = a^a^a^ 1 = A 2 \A 2)3 = aZ{, and 

a ■ Po = a 3 ao<J 3 1 = A 2 ^A 2 \ = Pocvq 1 , so by equation (JH3), cr ■ So = Po 

and a ■ Po = Po — So. As for the action of pi, we have pi • ao = ao, so 
pi-So' = So', and p r p = Ax^-A^A^-A^. But A lj5 = a^a^a^A^, 
hence 

Pi- Po = °"4 1(T 3" 2cr 3 1 ^2,5C r 4C r 30"4^3 

= ^2,3^2,4^2,5^2,4^2,3 = ^l/^O^ > 

and thus pi ■ Po = Po- Also, 

pi-u = 0-4 1 cr 3 2 ^cr^ 1 A 2 ^uA 2)5 a^ala 4 

= A 2t3 A 2A A2^A2^A^lA 2 ^a^ 1 o- 3 ~ 3 a i a 2 a4 i . 

But 

— 1 —3 2 —1 —2 —1 

<7 4 <T 3 0~i±0~ 3 0~<± — C3 CT4 " 03 04 03 = U V, 

so pi • w = ai/? ] " 1 aQ 1 a_ 1 -u _1 t>, and p\ -u = —So — w + u. Finally, 
Pi-v = A 1;5 a 3 A^ 5 ■ p x - u ■ Ax^a^A^l = a 3 ■ axP^a^a^u^v ■ a 3 l 
= A 2fi A 2A A 2 lA 2 \A^ 3 A^A 2 ^A 2A v- l u- l v 
= ai/3f 1 a " x oi~\ol-\v ~ u~ x v , 

and so pi • v = —Po — u, which proves the proposition. □ 
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We now give an alternative proof of Proposition [TTJ Although it is 
long, we believe the method to be of interest. We will also make use of 
some results proved in Section[2]to prove (Propositions^) that (B 3 (S 2 \ 
{xi, x 2 })) ( - 1 ^ is a semi-direct product of an infinite-rank subgroup of 
¥ 5 {z 1 ,...,z 5 )by¥ 2 {u,v). 

Given B 3 (E> 2 \ {xi, x 2 }), from the generalised Fadell-Neuwirth short 
exact sequence (equation (jSJ)), we obtain 

1 - 5 3 (§ 2 \ {x 1 ,x 2 }) -4 £? 3il (§ 2 \ - B^S 2 \ { Xl }) - 1. 

Clearly 1 is an isomorphism, and composing by the inclusion -B 3i i(§ 2 \ 
{xi}) e — > -B4(§ 2 \ {^i}), we obtain an injective homomorphism 

/: B 3 (S 2 \{x 1 ,x 2 })^B 4 (S 2 \{x 1 }). 

Further, we have the following commutative diagram of short exact 
sequences: 



P 3 (§ 2 \ {xi,x 2 }) — B 3 (S 2 \ {x u x 2 }) S 3 



IP 3 (S2\{ :C1 , 3:2 }) 
1 -P 4 ( 



54(D 2 ) 



s 4 



1 



(33) 



where 7r is the homomorphism which to a braid associates its permuta- 
tion, and ip is the composition of / and the isomorphism 5 4 (§ 2 \{xi}) = 
£>4(B 2 ) given by Proposition l3lt|bj) . The right-hand vertical homomor- 
phism is the natural inclusion of S3 in S4. So <p is also injective, and 
<p(<Ji) = &i for i — 1,2. The fact that the left-hand homomorphism 
Hps^Uisi x 2 }) * s an isomorphism follows from Proposition l3^a| . From 
this, we obtain the following commutative diagram: 

( J B 3 (S 2 \{x 1 ,x 2 }))( 1 )— A 3 



(£? 4 (0 2 )) 



(i) 



A 



4; 



A n being the alternating subgroup of S n . By abuse of notation, we 
use the same symbols for the restriction homomorphisms. If H = 

(S 4 (D 2 ))W n 7i-\A 3 ) then ^(5 3 (§ 2 \ {x u x 2 }))^ C # by commuta- 



tivity of the diagram. Since n 



(B 4 (D 2 ))( 1 ) 



is surjective onto A4, it follows 



that [(B 4 (D 2 ))^) : if] = 4 (indeed, if g: G± — > G 2 is a surjective group 
homomorphism, and i? 2 is a subgroup of G 2 then ifi = g^ 1 (H 2 ) is 
a subgroup of G\, and Gi/H 1 — > G 2 /H 2 , xH\ 1— > g(xi)H 2 defines a 
bijection, so [Gi : f/i] = [G 2 : #2])- 
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Recall from Theorem US® that {B A (B 2 ))^ = ¥ 2 {a,b) x ¥ 2 (u,v), 
where a = a^a^ 1 , b = cr 2 a^aY <J 2 , u = a 2 cr^ 1 , v = aia 2 a^ 2 , and 
the action is given by equation 1)181) . The corresponding elements u = 
02 erf , f = o\o 2 o^ 2 of £>3(S> 2 \ {xi,x 2 }) (we use the same symbols to 
denote these elements) in fact belong to (^(S 2 \ {x±, a^})) , generate 
a free group of rank 2 (by injectivity of ip), and we have 

Mu,v) C ^((5 3 (§ 2 \ {x 1 ,x 2 }))W) C (34) 

Further, writing the elements of (.B^B 2 ))^ in the form ¥ 2 (a,b) x 
¥ 2 (u,v), if z) G if then for all z' G ¥ 2 (u,v), z~ x z' G if by equa- 
tion JMD, so (it?, z)(e, z~ x z') = (w,z') G H, and thus {u>} x ¥ 2 (u,v) C 
if. Hence if is of the form ifi x F2(tt, f), where ifi is an index 4 
subgroup of F 2 (a, 6). Together with the identity, the elements 7r(a) = 
(12) (34), tt(6) = (13) (24) and 7r(a6) = (14) (23) form a set of coset 
representatives for A4/A3, so e,a,b and a& form a set of coset rep- 
resentatives for ¥ 2 (a,b)/Hi. If w = w(a,b) G ¥ 2 (a, b) then ir(w) = 
w(ir(a),Tr(b)), and since 7r(o) and tt(6) generate a group isomorphic to 
Z 2 x Z 2 , we see that 7r(it?) G A 3 if and only if the exponent sums in w of 
a and b are both even. In other words, H% = Ker (F 2 (a, b) — > Z 2 x Z 2 ), 
where a i— > (1, 0) and 6 i— > (0, 1), is nothing other than the free subgroup 
N of ¥ 2 (a,b) of rank 5 described on page ED of Section O possessing 
a basis Z\ = a 2 , z 2 = b 2 , z 3 = (a&) 2 , z 4 = 6a 2 6 _1 and z 5 = ab 2 a~ x . 
Thus if = F 5 (zi, . . . , Z5) x F 2 (w, v), where the action is given by equa- 
tions (1201) and (J2U). 

Hence we have a commutative diagram of the form: 

Z 






where -£>3 i2 = B 3 (S 2 \ {x±, x 2 }), and 

<p: J B 3 (§ 2 \{^i^ 2 }) Ab ^54(D 2 ) 
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is the homomorphism induced on the Abelianisations. Since B A (D 2 ) Ab 
is infinite cyclic, generated by an element a, say, B 3 (S 2 \ {xi,x 2 }) Ah is 
a free Abelian group of rank 2 with basis comprised of a and A, we 
have that <p(<j) = cf, and <p(A) = a 2 . So Ker (y?) = Z is the subgroup 
generated by (—2, 1) relative to the basis (a, A). Let 

Z^B 3 (S 2 \{ Xl ,x 2 }) Ab 

be defined by ip(k) = k(—2, 1). Then the final column of the diagram 
is exact. 

Now the idea is the following: given x G H, we may associate an 
element of Z using diagram (|35l) . We shall show that this is a homo- 
morphism, e' say, which satisfies e'{zj) = 1 if i = 1,2,3, e'(zj) = — 1 
if % = 4,5, and e'{u) = e'{v) = 0. From this, in particular, we obtain 
e' = r] o e, where e: W${z\, . . . ,z 5 ) x F 2 (m, v ) — > Z © Z 2 is the homo- 
morphism defined by equation (|23l) . and r/: Z © Z 2 — >• Z is defined by 
7?((1, 0, 0)) = 1 and rj((0, 1, 0)) = r/((0, 0, 1)) = 0. 

To define e', we first choose the following correspondence between 
B 3 (S 2 \ {xi,x 2 }) and i? 4 (D 2 ): the three strings correspond of B 3 {S 2 \ 
{xi,x 2 }) to the first three strings of £>4(0 2 ); the puncture X\ to the 
fourth (vertical) string; and the puncture x 2 to the boundary of D 2 . In 
this representation, if 1 < % < 3 and 1 < j < 2 then will denote 

the element of B 3 (S 2 \ {xi,x 2 }) represented by a loop based at point 
i which encircles the j th puncture. Suppose that z G i? 4 (D 2 ) is such 
that ir(z) G S3. Then we claim that there exists y z G B 3 (S 2 \ {xi,x 2 }) 
such that <f(y z ) = z; by injectivity of ip, such a y z is unique. To 
prove the claim, notice there exists y' G B 3 (§ 2 \ {xi,x 2 }) such that 
7r(z) = ir(y') = 7r o ip(y') by commutativity of diagram (jH3J). Hence 
ip(y')~ 1 z G Ker (tt). But since the first vertical arrow of that diagram is 
bijective, there exists y" G P 3 (S 2 \{xi, x 2 }) such that <p(y") = <^(j/') -1 z. 
Hence 2; = <p(y z ), where y z = y'y", and the claim is proved. 

So let x G H. Since # C (S 4 (D 2 ))W, x is sent to in 5 4 (D 2 ) Ab . 
By the claim, there exists a unique y x G ^(S 2 \ {xi,x 2 }) such that 
= %, so by commutativity of diagram (|35lh G Ker(^), where 

denotes the Abelianisation of y a . Thus = k(— 2, 1) relative to 
the basis (cr, A), where fc G Z, and so x 1— >■ defines a map e' from 
if to Z, well defined since y x is unique, and a homomorphism because 
(p is. Further, ip o e'(x) = y x . Let us now calculate e' on the given 
generating set {zi, ■ ■ ■ ,z 5 ,u, v} of H. Now y u = u and y v = v, and since 
¥ 2 (u,v) C <^(5 3 (§ 2 \ {xi,ar 2 }))W by HD, it follows that y u = y v = 0, 
and so s'(u) = e'{y) = 0. Now consider 

2 / -1\2 2 -2 
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From the given correspondence between B 3 (S 2 \ {xi,x 2 }) and _B 4 (0 2 ), 
Z\ may be written as C^crf 2 , and so under Abelianisation is sent to 
(—2, 1). Hence s'(zi) = 1. Since z 2 is conjugation of z\ by g 2 , we obtain 
similarly that e'(z 2 ) = 1. As for z 3 , 

z 3 = (abf = (o- 3 (Tf 1 • g 2 g 3 g± 1 g 2 1 ) 2 

= g^ x g 2 g 3 g 2 g^ x g 2 x g^ x g 3 g 2 g 3 g^ x g 2 x 

= af 1 cr 2 crf 1 g\o 2 g^ g 2 x = g^ 1 g 2 g^ 1 Cug 2 Gi 1 g 2 1 , 

so e'(z 3 ) = 1, 

z 4 = ba 2 b~ l = g 2 g 3 g^ 1 g 2 1 g^ 2 gIg 2 GiG 3 1 g 2 1 

-2 -1 -1 2 -1 -1 

= G 2 G 3 G 2 (7i <7 2 G 3 G 2 G\G 3 G 2 

— 2 —1 2 —1 —1 —1 —2 —1 2 2 —2 —1 

= G 3 G 2 G 3 Gy G 3 G 2 G^ G\G 3 G 2 = G 3 G 2 G^ G 3 G 2 G\G 3 G 2 

= C 3 ^G 2 G 1 1 C 3 4G 2 G\C 3 Ig 2 , 

so £'(2:4) = — 1, and 

Z5 = ab 2 a~ l = af 1 g 3 g 2 g^ 2 g\g 2 x g 3 x g\ 

-1 -2 -1 -1 2 

= G^ G 3 G 2 Gi G 2 G 3 G 2 G\ 

-2 -1 -2 2 -2 2 

= (7} (T 2 (T3 (J2CTi(T2(Ji = (T 1 G 2 U34 <7 2 0"i 0~ 2 °"l i 

so £'(2:5) = —1, and thus e' = 77 o e as claimed. 

Let ?/ G (^(S 2 \ {xi,x 2 })) (1) , and let x = <p(y). We know that 
x G if, and = y. But y = 0, hence e'(x) = 0, and ^((^(S 2 \ 
{xi,x 2 })) t 1 ') C Ker(V). Conversely, let x G Ker(£'). Then y^Z/z) = x, 
and y x = ip o £'(x) = 0, so G (B 3 (S 2 \ {xi,x 2 }))W. Hence x G 
V((B 3 (§ 2 \ {xi,x 2 }))«), and so Ker( £ ') = ^((5 3 (S 2 \ {x 1; x 2 }))«). 
But is injective, and thus Ker (V) = (^(S 2 \ {xi, x 2 })) (1) . To de- 
termine Ker(e'), we use the following short exact sequence and the 
Reidemeister-Schreier rewriting process: 

1 -> (£? 3 (§ 2 \ {xi, x 2 })) (1) ^ F 5 (2i, ... ,^5) x F 2 («, v) ^ Z -> 1. 

The calculations are similar to those given in Section [2] for the kernel 
of the homomorphism p defined by equation (|25l) : the difference is that 
here F 2 (u, v) C Ker (e'). For all j G Z, set 

jz{z iZ - U+1) if 2 = 2, 3 
~ [ziz^-V if z = 4,5. 

These elements form a basis of Ker (p) (see Table El on page EHJ ■ To 
obtain a generating set of Ker (e'), we need to add the elements rj = 
z{v,Zi J and Sj = z{vz^[\ where j G Z. The relators of Ker(e') are of 
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the form z{"Jlz± J , where j G Z and 3£ runs over the set of relators given 
by equations ((2H) and ((211) • For i — 1, . . . , 5, let us set ij = uZiU~ x and 
= i^u -1 . First let i = 1. Then for all j G Z, we have the relator: 

ziuzxu'H^z^ = rjrjl^zit^z^^Y 1 . 

from which it follows that 

r j+1 = (zihz^r'ry (36) 

This allows us to delete all of the r^, i G Z \ {0}, from the list of 
generators. By induction, we obtain: 

_ j(zt%z^r\zt\z^ +i r^--(t x z^u if 3 > o 
j ~ \(^W J ' +1) )(4 +1 ^r °' +2) ) • ■ ■ (^ti> if j < o. (J7j 

In a similar way, we may delete all of the Sj except so = v from the list 
of generators, and we obtain: 

[z{~ 1 w l zl 3 )- l {z 1 f 2 w l z^ 3+1 )- 1 ■ ■ ■ (wxZi^v if j > 
[z{w lZ - ij+1] )(z{ +1 w lZ - (j+2) ) • • • (*rV)u if J < 0. 1 J 

Notice that in equations tfTTTT l and JHHI), each of the bracketed terms 
belongs to Ker (p), and hence so do r^w -1 and SjV" 1 . So they may be 
expressed in terms of the a^j. Now let i = 2, 3 and j G Z. Then we 
have a relator 

which yields a relation of the form rjaijrj 1 = z{titi l z^ J by equa- 
tion (|36|l Using equation (|37| ). we see that the elements uz{ziZ x ^ +1 'u~ x 
may be expressed solely in terms of the a^j. Indeed, 

ua.ijU~ l = (rjU~ 1 )~ 1 z J 1 t i ti 1 Zi 3 (rjU~ 1 ). (39) 

Similarly, 

vctijV -1 = (sjV~ 1 )~ 1 z J 1 w i w^ 1 z^ :l (sjV^ 1 ). (40) 
Finally, let i — 4,5 and j G Z. Then we obtain analogously: 

uaiju^ 1 = (rjU~ 1 )~ 1 z{t i tiZ^ J (rjU~ 1 ). (41) 

Similarly, 

vctijv" 1 = (sjV~ 1 )~ 1 z{wiWiZi :> (sjV^ 1 ). (42) 
This gives a complete set of relations for Ker (e'). We conclude that: 

Proposition 42. (B 3 (E> 2 \ {x 1 ,x 2 })) (1) = L x ¥ 2 (u,v), where L 
is the subgroup of ¥ 5 (zi, . . . , z 5 ) of infinite rank freely generated by 
{ a hj}i& je{2 3 4 5}; the action being given by equations fijty , H^D , 
and U^) , taking into account equations ( Tf?l) and fSM) . □ 
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From this, we may now determine (B 3 (E> 2 \ {x\, x 2 })Y i y (B 3 (E> 2 \ 
{xi,x 2 })p 2 > by Abelianising the presentation of (^(S 2 \ {xi, x 2 }))^ 
given by Proposition H21 and thus reprove Proposition [TTJ First notice 
that for all 2 < i < 5 and all j, k G Z, z\aijZ{ k = a.ij + k. If w G 
( J B 3 (S 2 \{x 1 ,x 2 }))( 1 ),let^G ( J B3(§ 2 \{x 1 ,x 2 }))( 1 )/( J B 3 (S 2 \{^i^2})) (2) 
denote its Abelianisation. A simple calculation shows that: 

htl = O%0 + Obfi + "3,-1 - «2 -1 - OAfl 

hti 1 = ol^\ - a^i + a^i + t 2 t{ 

W3W1 1 = a^i + W2W1 1 . 
Abelianising equations (|39| ) and (jifll ) for i = 2 then 2 = 3 yields: 

a^j - a^j = a 2 j-i - a-ij-i 

="5J - «4~j + «5,i+l - «4J+1 + «2,j+l - «3J+1 
«2J+1 + 5?2J = 03J (43) 

for all j G Z. Substituting equation (ji3l) into the three other equations, 
we obtain: 

- a^j = -o%j ( 44 ) 

«3J+1 = «5J+1 (45) 

a2j+i - o%j = otij+i. (46) 

Similarly, if i = 4, 5, 

t 4 tl =027) + 5^0 

£5*1 =5%o + - *y + «m + tt^o + «2,-i 
w?£>i =03^0 - «4~i + - + a^i 

W5W1 =03^1 - CUfl + 02fi - «y + 2q^l - Q^l + «EM + 
5^0 + "3,-2 - «2,-2 - 04^1- 
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Abelianising equations (JHJ) and (1321 ) for i = 4 then i — 5 and 
applying the previous equations yields: 

«4j = «2j + «5j which is equivalent to (JHJ) 

= a 2 j-i + ct2j + a 2 ,j+i (47) 
a^j = a^j + a^j (48) 

= ck 2j _i + 5?2j + a 2,j+i which is the same as ((4*71 ). 

By equations ((ITT) . 1(431) . (f4*H|) and ((4*51) we obtain the solution 

«2,3fc = ^2,0 = — tt 3,3fc+l = — a 5,3fc+l 
«2,3fc+l — a 2,l = — tt 3) 3fc +2 = —a 5>3 k + 2 
&2,3k+2 = -("2^0 + = -°%3k = -0^3fc 

o^ifc = 25^) + a^i 

«4,3fc+l = -02^0 + «2A 
«4,3fc+2 = -«2^0 - 25^1 

for all fceZ, which satisfies the two remaining equations ((4*4*1) and ((4*8*1) . 
We conclude that (5 3 (§ 2 \ {xi, a: 2 })) (1) /(£3(§ 2 \ {x u x 2 })) (2) is a free 
Abelian group with basis {o^,o^,u,v}, and this reproves Proposi- 
tion ini 

We will come back to the special case m = n = 2 in the following 
section. 

6. The lower central and derived series of £? 2 (S> 2 \ {xi,x 2 }) 

From Section 01 and Theorem H3 the only outstanding case for the 
lower central series of the punctured sphere is the 2-string braid group. 
As we shall see in this section, it is particularly challenging. We con- 
centrate here on the case of the two-punctured sphere. The group 
-£> 2 (§ 2 \ {^1,^2}) has many fascinating properties, and as a result, we 
are able to describe its lower central and derived series in terms of 
those of the free product Z 2 * Z. In particular, we prove Corollary [U3 
Proposition [TU and Theorem [321 As we indicated in the Preface, the 
techniques used in this section have since been applied in |BGGj to 
study the 2-string braid group of the torus, and similar results were 
obtained (cf. Theorem fT""") . 

We start by determining r 2 (P 2 (§ 2 \ {z 1 ,x 2 })). The map F 2 (§ 2 \ 
{xi,x 2 }) — > Fi(S 2 \ {xi,x 2 }) is a fibration, and the fibre over a point 
£ 3 of the base is of the form -Fi(S 2 \ {xi,x 2 ,x 3 }). As in equation (j2j), 
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this gives rise to a short exact sequence of the form: 

1 -> 7Ti(§ 2 \ {X!,X 2 ,X 3 } ,X 4 ) -> P 2 (S 2 \ {xi,X 2 } , {X 3 ,X 4 }) ^> 

7Ti(§ 2 \ {Xi,X 2 } ,X 3 ) -> 1. 

We use the following notation for the generators jij, 1 < i, j < 2 of 
P 2 (§> 2 \ ^2} j {^3, ^4}): the two punctures correspond to the points 
Xi,x 2 ; and the two basepoints correspond to £3,24. The generator 7^ 
is equal to the generator A it j +2 of Proposition EH and corresponds to 
a loop based at Xj +2 which encircles Xi in the positive direction. 

Let a be the standard Artin generator of B 2 (S 2 \ {xi,x 2 }) which 
geometrically exchanges the points X3 and X4. Then a (non-minimal) 
generating set of P 2 (E> 2 \ {xi,x 2 }) is given by the union of the 7^ and 
a 2 , and a generating set of B 2 (S 2 \ {xi,x 2 }) is given by the union of 
the 7jj and a. 

The kernel ^(S 2 \ {xi, x 2 , x 3 } , x 4 ) of p* is the free group F 2 (a, b) 
of rank 2 on a and 6, where a = 71,2 and b = 72,2. The image of 
is an infinite cyclic group; the homomorphism which sends (one of) its 
generators to the element c = 72,1 of P 2 (S 2 \ {x\,x 2 }) defines a section 
for p* . Hence 

P 2 (§ 2 \{xi,x 2 }) =¥ 2 {a,b) x^Z, (49) 

where we identify the second factor Z with (c). The action ip on the 
kernel is given as follows (this may be checked using the presentation 
of P m (§ 2 \ {27, . . . , x n }) given in ^HM) 

ip(c)(a) = cac~ x = a 

<p(c)(b) = cbc^ 1 = abaT 1 , 

which in fact is just conjugation by a. 

As well as containing r 2 (F 2 (a, &)), by Proposition EEl r 2 (P2(§ 2 \ 
{xi,x 2 })) will also contain elements of the form [c 7 ', w], where w G 
F 2 (a, b) and j G Z. But from the form of the action <p, [cP, w) = [aP,w]. 
Hence 

r 2 (P2(§ 2 \{xi,X2})) = r 2 (F 2 (a,6)), (50) 
and thus the derived series (with the exception of the first term) of 
P 2 (§ 2 \ {xi, x 2 }) is that of F 2 (a, b). 

By Proposition EU B 2 (S 2 \ {xi,x 2 }) is generated by the 7^-, 1 < 
hj < 2, and a, subject to the four relations: 

7l,272,2CT 2 = 1 \ 

7i,i72,i°" 2 = 1 > (51) 

= 7i,2 for i = 1, 2. J 
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Thus: 

c = 72,1 = 7i~i°"~ 2 ] 

b = 72,2 = ^o- 3 I (52) 
a = 7i,2 = criiA^ 1 -) 

In particular, P 2 (S> 2 \ {xi,x 2 }) is generated by cr and 7i 5 i. 

In what follows, we shall sometimes write simply P 2j2 for P 2 (§ 2 \ 
{xi,x 2 }), and P 2j2 for P 2 (§ 2 \ {xi,a; 2 }). 

Proposition 43. 

(a) The commutator subgroup [P 2)2 , -P 2 , 2 ] o/ P 2j2 is a normal subgroup 

0/^2,2,^2,2]. 

ffej T/te commutator subgroup [P 2 , 2 ,P 2 , 2 ] o/ P 2j2 and B 2 ^ is a normal 

subgroup o/P 2j2 and P 2j2 . 
fcj T/te quotient group [P 2)2 , P 2 , 2 ]/[P 2 , 2 , P 2 , 2 ] is isomorphic to Z, and 

is generated by the coset of the element [a, 6] = ft c. 

Proof. 

(aj This is clear since P 2j2 < P 2)2 . 

f6j The fact that [P 2)2 ,P 2j2 ] is a subgroup of P 2j2 follows from projec- 
tion into the symmetric group S 2 - Since P 2>2 < P 2j2 , we see that 
[P2,2, P2,2] < P2,2, and so [P 2)2 , P 2>2 ] < P 2i2 . 

(c) Using equation (|52l ). we see easily that cr -2 = ao, and thus: 

[a, a] = a 2 o~ 2 c~ l a~ 2 a^ 1 = c~ l aba~ l = bc~ 
[a, b] = a^jo--^- 1 = b- l a~ l ca = b~ l c 
[a,c] = a^a-'a 2 ^ = b{b~ x c)' 1 ^ 1 . 

We know that [P 2 , 2 , P 2 , 2 ] is the normal closure in P 2i2 of the set of 
elements of the form [pi,p 2 ] and their inverses, where pi G {a,b,c} 
is a generator of P 2 2 , and p 2 G {a, a, b, c} is a generator of P 2 2 . If 
p 2 G {a,b,c} then [pi,p 2 ] G [P 2 , 2 ,P 2 , 2 ]. So we just need to consider 
the cosets of the conjugates of elements of the form [p%, cr]. Consider 
the following relation: 

p[pi, a]p- 1 = [p, [pi, cr]] [p u cr] . (54) 

If p G P 2>2 , then since [pi, cr] G P 2j2 by (JEJ), it follows that 



6(6" 



(53) 



p[pi,cr]p 1 = [pi,cr] modulo [P 2 , 2 ,P 2 , 2 ]. 



6. THE LOWER CENTRAL AND DERIVED SERIES OF B 2 (S 2 \ {x u x 2 }) 51 

So suppose that p G -82,2 \ ^2,2- Then w = pcr^ 1 G 82,2- By 
equation (|5Hlj . we see that 



a^a]^- 1 = a&trV- 1 = b^cb-b' 1 = ft -1 ^, a] _1 6 
(xfa,^- 1 = a6" 1 c(x- 1 = 6- 1 c _1 6 - 6 = 6 _1 [«r, 6] _1 6, and 
cr[a, cjcr^ 1 = cr[cr, a]cr _1 = b~ x [a, c]~ 1 b. 

In other words, for all pi G {a, 6, c}, we have 
Hence 

[p, [Pi, = u^fo PiW^w'^Pi, a}' 1 

= wb^la, pil^bw" 1 ^, a)' 1 = [tub' 1 , [o-,pi] _1 ] [p!,a] 



-2 



Thus by equation (|54l) . we obtain 



-l 



p[Pi,^]p 1= ^[Pi' "] 

= modulo [82,2,82,2], since [<r,pi] G 8 2 , 2 . 

By equation (|53lh 

[cr, a] = [cr, c] = [cr, modulo [82,2,-82,2], 

and since [-82,2,822] = [82,2,-82,2], we conclude that the quotient 
[82,2, -82,2]/ [82,2, 82,2] is infinite cyclic, and generated by the coset 
of the element [a, b] = b~ x c (using equations P^j) and (|5Ul h one may 
check that ^ [82,2,82,2]). □ 

Remark 44. Let us give an alternative proof of Proposition l4*3l 
using Stallings' exact sequence (JH1). Since [82,2,82,2], [82,2,-82,2] <J 8 2 ,2 
and [82,2,82,2] C [82,2,82,2], we see that 



[82,2, 82,2]/ [82,2, 82,2] <! 82,2/ [82,2, 82,2]- 
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We thus have the following diagram: 

1 

1 - [-^2,2) ^2,2]/[-P2,2) ^2,2] ~~ *" -^2,2/ [-^2,2; ^2,2] — *" ^2,2/ [-^2, 2? -82,2] — »" 1 

£2,2/ [-^2,2 5 -82,2] 

1. 

The vertical short exact sequence is that of Stallings applied to the 
usual exact sequence 1 — > P 2)2 — > P>2,2. — > 5^ — > 1. By Proposi- 
tion ESI -S 2 , 2 / [-62,2, -82,2] is a free Abelian group of rank 2, with basis 
{a, 71,1} (notationally, here we do not distinguish an element of -82,2 
and its Abelianisation). The kernel P2,2/[P2,2, -82,2] of the projection 
-82,2/ [-B 2) 2, -82,2] - * S2 certainly contains the free subgroup of rank 2 
with basis {cr 2 , 71,1}, and in fact is equal to this subgroup (for otherwise 
it would contain an element of the form cr p 7?!, where p, q G Z and p 
is odd, and thus would contain ex, which is clearly not in the kernel). 
Since -P 2i2 /[-P 2i2 , ^2,2] is isomorphic to Z 3 (by equation (|49D ), we see 
that the kernel [P-zp, ^2,2]/ [-^2,2) ^2,2] of the horizontal exact sequence 
is isomorphic to Z. Further, £2,2/1^2,2, ^2,2] is freely generated by a, b 
and c. From the relation 072,1 a -1 = 7 2)2 , we see that b = [a, c] • c, and 
so b and c project to the same element in ^2,2/ [P2, 2, -82,2]- Hence (the 
coset of) bc^ 1 is a non-trivial element of [P2,2, -B 2 , 2 ]/[-P 2 , 2 , -^2,2], which 
yields the result. 

We thus obtain a short exact sequence of the form: 

1 -> [P 2 ,2, P 2 , 2 ] -> [^2,2, S 2 , 2 ] -> Z -> 1, 

for which the homomorphism s: Z — > [P 2)2 , -82,2] defined by s(l) = 6 _1 c 
defines a splitting. Since [-P 2 , 2 , ^2,2] is the normal closure in P 2j2 of the 
set of elements of the form [pi,p 2 ] and their inverses, where pi,p 2 £ 
{a, b, c}, and the action in F 2 (a, 6) of conjugation by c is just conjuga- 
tion by a, we see that [P 2 ,2, P 2>2 ] is the normal closure in F 2 (a, b) of the 
element [a, b], and that: 

(6 _1 c)«;(6- 1 c)- 1 = (r 1 a)w(r 1 a)" 1 for all u; G F 2 (a, b). 
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Hence the action of b~ 1 c on [P 2)2 , P 2j2 ] is that of conjugation by b~ 1 a, 
and so by the above short exact sequence, 

[P2,2,B 2>2 ] = [P 2 , 2 ,P 2 , 2 ] x^Z 

= T 2 (F 2 (a, b) ) x ^ Z by equation O , 
where the action ip of Z on T 2 (F 2 (a, 6)) is given by conjugation by b~ x a. 
Proposition 45. [-82,2,-82,2] = [-82,2,-82,2]. 
From this, it follows immediately that: 

Corollary [TJ r 2 (-B 2 (§ 2 \ {xi,x 2 })) = T 2 (¥ 2 {a,b)) x^Z. □ 

Proof of Proposition HH1 Consider the following commutative 
diagram of short exact sequences (obtained by taking the first two 
vertical sequences, and the second and third horizontal sequences, and 
then completing to the whole diagram): 

1 1 1 



1 [-82,2, -82,2] [-82,2, -B 2 , 2 ] [-82,2, -82,2]/ [-82,2, -82,2] —*~ 1 

1 -82,2 *■ -8 2>2 >■ Z 2 *■ 1 



1 -82,2/ [-82,2, -82,2] -82,2/ [-82,2, -82,2] *" ^2 *■ 1. 

1 1 1 

As in Remark SH the third row is Stallings' exact sequence © applied 
to the second row. By exactness of the third vertical sequence, it follows 
that [£2,2,52,2] = [P2,2,£ 2)2 ]. D 

We may obtain an alternative description of r 2 (-B 2 (S> 2 \ {xi,x 2 })) 
as a free group of infinite rank. To see this, notice from part (JEJ) 
of Proposition El that B rn (S 2 \ {x 1 ,x 2 }) = B m (B 2 \ {x 2 }), and from 
part that 

B m {B 2 \ {x 2 } ,{xi,x 3 ,..., x m+1 }) =* -B m> i(D 2 ). 

Hence B 2 (E> 2 \ {x u x 2 }) ^ -B 2 ,i(D 2 ). But from part ©, 

5 2 ,i(D 2 ) = tti(D 2 \ {x 3 ,x 4 } ,x 2 ) x B 2 (D 2 ) 

= F 2 ( T2 , 1 , 72 , 2 ) x v (a), (55) 
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where the action, obtained from equations (I5T1) . JS2D and (|53lj . is given 
by: 

V 5 (°")(72,l) = 72,2 
<P(v)(l2,2) = 1 2 ,2 72,172,2- 

So if w = 10(72,1,72,2) G F 2 (72,i,72,2) then 

ip(a)(w) =7^^(72,2,72,1)72,2, (57) 

in other words, the action consists of exchanging 721 and 72,2, then con- 
jugating by 72~2. Let N denote the normal closure in F 2 (72,i, 72,2) of the 
elements of the form (p(a^)(w) -w -1 , where j G Z and w G F 2 (72,1, 72,2), 
and let L be the subgroup of F 2 (72,1, 72,2) generated by T 2 (F 2 (72,1, 72,2)) 
and N. Then it follows from Proposition [213 and equation (JHHl) that 
r 2 (72,i(D 2 )) = L. 

Proposition 46. 

(a) L is the kernel of the homomorphism ip\ F 2 (72,1, 72,2) —* Z ; where 
ip is augmentation. 

(b) L is a free group of infinite rank with basis {^} igZ , where Zi = 

72,i72,272,i* +1) f or a tt i € 

Since L = T 2 (B 2A (B 2 )) = B 2 (<S 2 \{x u x 2 }), we obtain immediately: 

Corollary 47. r 2 (-B2(S> 2 \ {x\,x 2 })) is a free group of infinite 
rank with basis {zi] ieIj , where Z{ = 72,i72,272,i* +1 ' ) f or a ^ 2 G Z. □ 

Proof of Proposition HHI First observe that ip factors through 
the Abelianisation of F 2 (72,1, 72,2), and so r 2 (F 2 (72,i, 72,2)) Q Ker(^). 
Secondly, from equation o commutes with cb = 72,172,2, and it 

follows from equation ()57l) that 

O M72,l,72,2j<7 = 

J(72,i72,2)" m/2 ^(72,i,72,2)(72,i72,2) m/2 if m is even 

\(72,i72,2) _{m_1)/2 7 2 ~2 1 ^(72,2,72,i)72,2(72,i72,2) (m " 1)/2 if tw is odd. 

So for all j G Z, xjj((p(a^)(w)w~ 1 ) = ip([a^,w]) = 0. Since the same 
is true for products and conjugates in F 2 (72,i, 72,2), we see that iV C 
Ker (?/>), and thus L C Kev(ip). Now let us show that Ker (ijj) C L. 
To see this, we first apply the Reidemeister-Schreier rewriting pro- 
cess in order to obtain a basis of Ker (if)) (which is a free group since 
it is a subgroup of F2 (72,1, 72,2))- Taking {72,1,72,2} as the basis of 
^2(72,1, 72,2) and {72,1}^ z as a Schreier transversal, the process yields 
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\ 72 i72 272 i* r as a basis. But for all i G Z. 

l2,ll2,2l 2 ,l +1) = 72,172,27^1 72^1 = 72,1V 9 ( a ) (72,1 )7^l7^1 , 

which belongs to L by definition. This proves that Ker (-0) = L, and 
that L is a free group of infinite rank with the given basis as required. 

□ 

Remark 48. Since r 2 (F 2 (72,i, 72,2)) is the normal closure of the 
commutator [72,1,72,2] in F 2 (72,1, 72,2), and 

[72,1, 72,2] = (72,1 • 72,2724 • 12,1) (72,2724 r 1 

= (72,1 • <p(<r)(lf2,i)%i ■ 7 2 ;i 1 )(v 5 (^)(72,i)7 2 ;i 1 ) _1 > 

it follows that r 2 (F 2 (72,1, 72,2)) is contained in N, and so L = N = 
Ker (ip). 

Remarks 49. In fact, the group _B 2 (S> 2 \ {xi,x 2 }) is of particular 
interest since it may be interpreted in several different ways. 

(a) As well as being isomorphic to -B 2 ,i(B 2 ), it is also isomorphic to 
the 2-string braid group of the annulus. 

(b) One may reduce the presentation given by equation 1)511 ) to the 
following: 

B 2 (S 2 \ { Xl , x 2 }) = (a, 72,2 I (<r 7 2,2) 2 = (72,2^)'), (58) 

which is nothing other than the Artin group of type B 2 |Cr) IT] . 

(c) The above presentation shows that B 2 (E> 2 \{xi, x 2 }) is a one-relator 
group. Interpreting it as the 2-string braid group of the annulus, 
it follows from |PRj that it has infinite cyclic centre generated by 
the full twist of -B 3 (D 2 ), which written in terms of our generators, 
is of the form (ch^) 2 - Further, the relation may be written as 
[a, ((772,2) 2 ] = 1- In particular, B 2 (S 2 \ {xi,x 2 }) is a one-relator 
group with non-trivial centre. 

(d) Setting D = 1772,2, from above, we obtain the presentation 

(a,D I [a,D 2 ] = l). (59) 

So £>2(S> 2 \ {xi,x 2 }) is isomorphic to the Baumslag-Solitar group 
BS(2,2) (BSJ. 

(e) Following |!FG], using the presentation (j^Hl) . consider the homo- 
morphism of B 2 (S 2 \ {xi,x 2 }) onto Z[D] = (D) given by taking 
the exponent sum of D. It follows from the Reidemeister-Schreier 
rewriting process that the kernel is a free group F 2 (cr, DcrD^ 1 ) of 
rank two, and thus that 

5 2 (§ 2 \ {x u x 2 }) S F 2 (<r, D0D- 1 ) x Z[D], 
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where the action is given by D-(o) = DaD^ 1 , and D-(Do~D~ l ) = a. 
In other words, the action exchanges the two basis elements of the 
kernel (and not just up to conjugation as in equation 1)5 7j) ). and so 
is an involution. From this, it follows that B 2 (§ 2 \ {£1,3:2}) is an 
HNN-extension of the free group F 2 (cr, DaD~ l ) with stable letter 
D. 

(f) Still following |PGj and using the presentation ()59j) . consider the 
homomorphism of B 2 (§ 2 \ {21, 22}) onto 7L\o\ = (a) given by taking 
the exponent sum of a. Applying the Reidemeister-Schreier rewrit- 
ing process, one sees that that the kernel is generated by an infinite 
number of generators Xi = aiDa^ 1 , i G Z, subject to the relations 
x 2 = x 2 = D 2 for all i e Z. 

Applying [ KMct lMcCa| to Remarks HHfinj) above, we see immedi- 
ately that: 

PROPOSITION [TH B 2 (S 2 \{x 1 ,x 2 }) is residually nilpotent and resid- 
ually a finite 2-group. □ 

Using the algorithm given in |CFL) . one may determine the quo- 
tient groups of the lower central series of B 2 (S 2 \ {xi,x 2 }). But these 
quotients may also be obtained explicitly using the results of |GallLab) : 



Theorem HB For all i > 2, Ti(B 2 (§ 2 \ {x u x 2 })) ^ Ti(Z 2 * Z), 



Ti(B 2 (s 2 \{x 1 ,x 2 }))/r m ( J B 2 (§ 2 \K,x 2 })) = r,(z 2 * z)/r m (z 2 * z) 



and: 



Z 2 © • ■ • © z. 
s : 



Ri times 



where 




jj, is the Mobius function, and 




Remarks 50. 
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(a) One may check that R4+1 = Ri + fi ( — 7 — ) - — y, and that 

k\i+l v 7 
fe>l 

-i\ k fi-VsY fi + VE* 



Tr 



■11/ \ 2 I \ 2 



(^6] By induction, one obtains ( ^ / ) = ( } r^ k ), where 

V _i 1 / V - ^ Jk+ij 

(fk)k>o is the classical Fibonacci sequence defined by fo = 0, fi = 1, 
and fk +2 = fk+i + fk for all k > 0. 
fcj A simple calculation shows that i?2 = 1, R3 = 2, i?4 = 3, i?5 = 5 
and R 6 = 7. 

The following lemma and corollary will be used in the proof of 
Theorem [TU 

Lemma 51. Let G be a finitely- generated group. 

(a) Suppose that there exists i > 2 such that Ti(G)/T i+ i(G) is a torsion 
group. Then for all j > i, Tj(G)/Tj + i(G) is a torsion group. 

(b) Suppose that there exists % > 2 and n G N such that x n — 1 for 
all x e Ti(G)/r i+1 (G). Then for all j > i, y n = 1 for all y G 

r,(G)/r, +1 (G). 

Proof of Lemma EH Let X be a finite set of generators of G. 
From jMKSj . we recall that for all z > 2, Ti{G)/r i+1 (G) is a finitely- 
generated Abelian group, generated by the cosets of the simple i-fold 
commutators of elements of X. We prove part (jHJ) by induction on j: 
suppose that Tj(G)/Tj + i(G) is a torsion group for some j > 2. Now 
let y G Tj + i(G)/Tj + 2(G). Then there exist simple j-fold commutators 
Xi, . . . , Xk G Tj(G), Zi, . . . , Zk G G and £±, . . . , Ek G {±1} such that y 
is equal to the Tj +2 (G)-coset of [xi,Zi] £l • • • [xk,Zk] £k . By hypothesis, 
there exist mi, ... , m k G N such that x™ 4 G Tj + i(G) for i = 1, . . . , k. 
Set m = lcm(mi, . . . ,m k ). Then modulo Tj +2 (G), 

y m = ([ Xl , z,r ■ ■ ■ [x k , Zk} £k ) m = K, zi] £l ■ ■ ■ K, = 1, 

since each of the commutators [x™, Zi] £l belongs to Tj+z(G). This proves 
part (jnj). Part (JEJ) follows similarly, taking mi = • • • = m k = n in the 
above proof. □ 

COROLLARY 52. The lower central series quotients of Z 2 * Z are 
isomorphic to the direct sum of a finite number of copies o/Z 2 . 

Proof of Corollary E21 Let x, y generate Z 2 and Z respec- 
tively. Then r 2 (Z 2 * Z)/T 3 (Z 2 * Z) is a cyclic group generated by 
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the coset of [x,y). But modulo r 3 (Z 2 *Z), [x,y] 2 = [x 2 ,y] = 1, and the 
result follows from Lemma ED and using the fact that the lower central 
series quotients of Z 2 * Z are finitely-generated Abelian groups. □ 



Proof of Theorem H21 Consider the presentation (JHH1) of the 
group B 2 (<S 2 \ {x u x 2 }). Let Z 2 * Z = (D,a | if = 1). Since the 
centre of -B 2 (§ 2 \ {x%, x 2 }) is generated by D 2 , we obtain the following 
central extension: 

1 -> (D 2 ) -> B 2 (S 2 \ {x 1 ,x 2 }) -t Z 2 * Z -»■ 1, 

where ^(-D) = D and ^(cx) = o\ Since t/> is surjective, for z > 2, it 
induces a surjection ipi : Tj(i? 2 (§ 2 \ {xi, x 2 })) —>■ Ti(Z 2 * Z). Using the 
fact that (5 2 (§ 2 \ {xi,x 2 })) Ab = (D, a) S Z 2 , this gives rise to the 
following commutative diagram of short exact sequences: 



1 — T 2 (B 2 (S 2 \ {x 1 ,x 2 })) — 5 2 (§ 2 \ x 2 }) — Z © Z 1 



V>2 

r 2 (z 2 * z) 



Zo * z 



Ab 



z 2 ©z 



where Ab denotes Abelianisation. Now tfj 2 is injective, since if x G 
Ker (i/j 2 ) then a; G Ker (■?/>), so there exists k G Z such that a; = £> 2fe . 
But since x G r 2 (£> 2 (S> 2 \ {xi,a; 2 })), its Abelianisation is trivial, so 
k = 0. Hence ip 2 is an isomorphism. But for i > 2, since is the 
restriction of ip 2 to T i+ i(B 2 (S 2 \ {xi,x 2 })) onto r i+1 (Z 2 * Z), it follows 
that ipi is an isomorphism for all i > 2, and that 

^(^(s 2 \ {xx, x 2 }))/r m (5 2 (§ 2 \ {x u x 2 })) r,(z 2 * z)/r m (z 2 * z). 



This proves the first part of the theorem. 

We now calculate the successive lower central series quotients Fj(Z 2 * 
Z)/T i+ i(Z 2 *Z). This may be done by applying the results of [Ga, LabJ; 
we follow those of |Gaj . From Corollary E21 for each i > 2, Tj(Z 2 * 
Z)/r i+1 (Z 2 * Z) is the direct sum of a finite number, denoted by Ri 
in [Gaj, of copies of Z 2 . 

To determine Ri, one may first check that in Theorem 2.2 of [Gaj, 
Uoo(x) = and = for all k > 2 represents the rank of the 
free abelian factor of T fc (Z 2 * Z)/T fc+1 (Z 2 * Z)). Secondly, referring to 
the notation of Section 3 of that paper, we see that y = x, z = 
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U(x) = and 

d (ln(l - U{x))) - X(X " 2) 



dx 1 (x — l)(x 2 + x 



-1 1 

+ + 



x — 1 x — A + x — A_ 

where A-t = ~ 1 ^ v ^ are the roots of x 2 + x — 1. So from equation (3.22) 
of [GaJ, we observe that for k > 2, 

« fc = i(TrM fc -l), 

where M = ^ ~^ , and Tr M k = (-l) fc (A* + A*). The second 

part of the theorem then follows from Theorem 3.4 of \Ga\. □ 

We may thus describe the derived series of B 2 (S 2 \{xi, x 2 }) in terms 
of that of the free group of rank 2: 

Corollary 53. For all i e N, 

( J B 2 (§ 2 \{x 1 ,x 2 }))«-vr((Z*Z)«), 

where tt: Z * Z — > X 2 *X is the homomorphism obtained by taking the 
first factor modulo 2. 

Proof. Let G\,G 2 be two groups. If n: G\ — > G 2 is a surjective 
homomorphism, then the restriction ttL^ui): (Gi)^ — > (G 2 ) , and 
by induction on i, so is the restriction 7r\/ Gl \(i) : (Gi)^ — >■ (G2) . Tak- 
ing Gi = Z * Z and G 2 = Z 2 * Z, it follows that 

(Z 2 *Z) (i) = tt((Z*Z) w ). 

But 

(5 2 (§ 2 \{a; 1 ,a; 2 }))«-(Z 2 *Z)« 
by Theorem El which proves the corollary. □ 

We now determine explicitly T 3 (B 2 (S 2 \ {xi,x 2 })). 

Proposition 54. Let p 2 : r 2 (£? 2 (§ 2 \ {xi, x 2 })) — > Z 2 be the homo- 
morphism defined by p 2 (z n ) = 1 for all n G Z, where {z n } n&z is the 
basis given by Corollary\J^\ Then T 3 (B 2 (S 2 \ {xi,x 2 })) = Ker(p 2 ). In 
particular, r 3 (£> 2 (§ 2 \ {x\,x 2 })) is a free group of infinite rank with a 
basis given by {zuZq 1 } n&X{Q} U {4J meZ , 

r 2 (i? 2 (§ 2 \ { Xl , x 2 }))/T 3 {B 2 (S 2 \ {x x , x 2 })) Z 2 . 

Remark 55. Since R 2 = 1, this agrees with the result of Theo- 
rem El in the case i = 2. 
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Proof. We start by calculating the action under conjugation of 
the generators 72,1,72,2 and a of B 2 (S 2 \ {xi,x 2 }) on the generators 
z n of T 2 (B 2 (S 2 \ {x 1 ,x 2 })). Clearly 72,1^7^1 = z n+i and 72,2^7^2 = 
zqz u+ iZq 1 . Further, it follows from equation (fHTf l that 

oz n o~ x = 72,2 1 72,l7 2 ~2 , 
which rewriting in terms of the Z{ yields: 



-1 J z o z i ' ' ' z n _ 2 z n \z n \ ■ ■ ■ z 1 1 z 1 if n > 



az n a 



z -\ ■ ■ ■ z -\ n \ z -\\n\+x) z -\n\ if n < 0. 



Let us apply the Reidemeister-Schreier rewriting process to the basis 
{z n } n& of T 2 (B 2 (S 2 \ {xi, x 2 })), taking the Schreier transversal {l,Zo} 
for p 2 . This yields a basis {z u Zq 1 } n&z \ {0} U { z o z m} meZ of Ker (p 2 ), or 
equivalents a basis {z n z^} n( _ mo} {J {4J meZ . Since 

z 1 _ \ (z n z~^ l )(z n ^ 1 z~^ 2 ) ■ ■ ■ (z^q 1 ) for all n > 

\{z n+1 z^ 1 Y l (z n+2 z^l 1 )- 1 ■ ■ ■ (z Q zZ{)~ 1 for all n < 0, 

and Zi+iz^ 1 = [a,Zi] G T 3 (B 2 (E> 2 \ {xi,x 2 })) for all i G Z, we see that 
z n Zo 1 G T 3 (B 2 (S 2 \ {xi,x 2 })) for all n ^ 0. Finally, if m G Z then 

2 m 20 = (^m^o" 1 )^- But = Z $ lz \ X , SO ^ = (ZiZq 1 )- 1 ^, Zq]- 1 G 

r 3 (5 2 (§ 2 \ {x ls x 2 })). Thus Ker (p 2 ) C T 3 (B 2 (S 2 \ {x h x 2 })). 

To prove the converse, observe first that T 3 (B 2 (S 2 \{xi,x 2 })) is the 
normal closure in B 2 (S 2 \{xi, x 2 }) of the commutators [72,1, Z n ], [72,2, z n ] 
and [a, z n ], where n G Z. It follows easily from the above expressions 
that these elements belong to Ker(p 2 ). Further, conjugation by each 
of 72,1, 72,2 and a induce automorphisms of r 2 (-B2(§> 2 \ {xi,x 2 })), each 
of which leaves Ker (P2) invariant, and so induces an automorphism of 
Z2, which is in fact the identity in all three cases. Hence for all nGZ, 
all conjugates of [72,1, [72,2, <z n ] and [a, z n ) by elements of B 2 (§ 2 \ 
{x 1 ,x 2 }) belong to Ker(p 2 ), and so T 3 (B 2 (S 2 \ {xi,x 2 })) C Ker(p 2 ). 
We conclude that T 3 (B 2 (S 2 \ {x u x 2 })) C Ker(p 2 ), and T 2 (B 2 (§> 2 \ 
{ Xl ,x 2 }))/T 3 (B 2 (§ 2 \ {x 1: x 2 })) = Z 2 . □ 



7. The commutator subgroup of B m (E> 2 \ {xi,x 2 }), m > 3 

As we already observed in Remarks l35| B m (§ 2 \ {xi,x 2 }) may be 
identified with the m-string braid group of the annulus. The case 
m = 2 having already been studied in Section let us now suppose 
that m > 3. In this case, we know from Theorem [HI that the lower 
central series is constant from the commutator subgroup onwards. The 
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following presentation of B m (E> 2 \ {xi,x 2 }) was obtained by Kent and 
Peifer: 

Proposition 56 ( |KP| ). Ifm>3 then B m (E> 2 \{x 1 ,x 2 }) admits 
a presentation of the following form: 

generators: <to, 01, . . . , o~ m -\ and r. 
relations: 

= 0:^0-1 if \i — j\ ^ 1, m — 1 and < z, j < m — 1 (60) 
= ^i+i^+i forO <i <m-l, and (61) 
r~ 0jT = cr,; + i for < i < rn — 1 . (62) 

T%e indices should be taken modulo m. 

The m points should be thought of as being arranged around the 
centre of the annulus. The generator o"o corresponds to a positive half- 
twist between the m th and 1 st point, while r is represented geometri- 
cally by a rigid rotation of the annulus about the centre by an angle 
2n/n. It follows from this presentation that: 

Corollary 57 (|KP|). Ifm > 3 then S m (§ 2 \{xi,x 2 }) is isomor- 
phic to the semi-direct product of the affine Artin group A m _i (gener- 
ated by o"o, <7i, . . . , m -i, and subject to relations \6fh) and ^61\) ) by the 
infinite cyclic group generated by T, the action being that of conjugation 
given by relation ^6%\) . 

Then we have the following result: 

Proposition 58. 

(a) If m > 3 then T 2 (B m (E> 2 \ {21,22})) is generated by the elements 
Pk = a\a 2 a^ k+l \ r k = 0"i0o°"i (yk+1 \ for all k G Z, and qi = Oi0^ x 
for 3 < i < m — 1 . 

(b) If m = 3, then r 2 (-B3(§> 2 \ {xi,x 2 })) is defined by the following 
relations: 

Pk+iPk^Pk 1 = 1 ( 63 ) 
rk+xr^W = 1 (64) 
rkPk^r-k^Pkl^l^ 1 = 1, (65) 



where k G Z. 
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(c) If m > 4 then T 2 (B m (E> 2 \ {xi,x 2 })) is defined by the following 
relations: 

Pk+iPk^Pk 1 = 1 ( 66 ) 

rk+ir^k 1 = 1 ( 67 ) 

Pkq3Pk+2q3 1 Pkli% 1 = 1 (68) 

PkQiPkli^ 1 = I for all A < i <m - I (69) 

HQjQ^Qj 1 = 1 for all 3 < % < j - 1 < m - 2 (70) 

qiq i+ iqi = q i+1 qiq i+1 for 3 < i < m - 2 (71) 

TkPk+iTklxPk 1 = 1 (72) 



^fc^j^fc+i^i 1 = 1 /or all 3 < i < m — 2 (73) 



rfcgm-irfc+sg^i^^g^! = 1, (74) 



where k G Z. 



We may thus deduce the first derived series quotient of the group 

r 2 {B m {S 2 \{ Xl ,x 7 })): 

Corollary fl6l Letm>3. Then 

{Z 4 ifm = 3 
Z 2 tfm = A 
Z ifm>5. 

Proof of Proposition EH We start bv applying Propositionl29l 
to the result of Corollary namely that 

5 m (§ 2 \ x 2 }) S l m _! x (r). 

If w = a^ 1 • • -cr^ G A m -i, it follows from the action, given by equa- 
tion (plL that for all / G Z, 

t wr • u> = a- i, • • • a- i, • a, ■ ■ ■ a, , 

where the indices should be taken modulo m. Hence t~ 1 wt 1 ■ w^ 1 G 
r 2 (A m _i), and it follows from Proposition l29l that 

r 2 ( J B m (§ 2 \{x 1 ,x 2 }))^r 2 (l m _ 1 ). 

A presentation of T 2 (A m _ 1 ) may be obtained by observing that 
(A m _i) Ab = Z, and by applying the Reidemeister-Schreier rewrit- 
ing process to the generating set {a , o"i, . . . , cr m _i} of A m _ 1 and the 
Schreier transversal {a^ } keZ - The generators and relations not contain- 
ing a Q define a group isomorphic to B m (3 2 ), and using jGLj . we obtain 
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all of the generators and relations of Proposition 1581 not containing r k . 
The generator oq of A m _i gives rise to generators r k = o\ aoa^ k+1 ^ of 
r 2 (An-i), where k <G Z. The relation (|6lT) with j = and i = 1 yields 
relations of the form ^Hi r fc+2 r ifc 1 = 1, G Z, in r 2 (A m _!). If m = 3 
then we obtain relations (|65l) in r 2 (A 2 ) from relation (J6T1) with j = 
and i = 2, and so we deduce the presentation given in part (JbJ) . If 
m > 4, taking j = in relations (|60l) with 2 = 2 (resp. 3 < i < m — 2) 
yields relations (f72T ) (resp. (f73l) ) in r 2 (A m _i). Finally we obtain rela- 
tions JZH) in r 2 (v4 m _i) by taking j = and i = m — 1 in relation (JET]), 
and this gives the presentation of part (|0). □ 

Proof of Corollary [HI It suffices to Abelianise the presenta- 
tions of Proposition IHHl in other words, we add the commutation rela- 
tions of all of the generators to the given presentations. First let m = 3. 
Equation (|65l) becomes trivial using equations (f63l ) and (|6H ). Further, 
it follows from equations |63| ) (resp. |64| )) that all of the p*i (resp. r^) 
may be expressed uniquely in terms of po and pi (resp. r and ri), and 
hence (B 3 (S 2 \ {x\, x 2 })) Ab is a free Abelian group of rank 4 with basis 
{Po,Pi,n),ri} 

Let m = 4. By equation it follows from equation (JHED that 53 
Abelianises to the trivial element, and then equation (JHTI) implies that 
equation (ffil) becomes trivial. By equation (ff2l) . = r k for all fc G Z. 
As above, all of the (resp. r k ) may be expressed uniquely in terms 
of po an d Pi (resp. r and r^), and thus (B^iS 2 \ {x\, x 2 })) Ab is a free 
Abelian group of rank 4 with basis {po,pi}- 

Finally, if m > 5, by equation (|7T1) we obtain additionally that all of 
the qi Abelianise to the trivial element. By equation (resp. (fTHl) ). 
Pfc = Pk+i (resp. r fc = r fe+ i). Thus {B m (S 2 \ {xi,x 2 })) Ab is a infinite 
cyclic group generated by p . □ 

8. The series of B m (S 2 \ {xx, x 2 , x 3 }) 

The situation seems to be more difficult in the case of the braid 
group of the 3-punctured sphere. As we remark below, if m > 2, 
B m (§ 2 \ {xi,X2,x 3 }) is isomorphic to the affine Artin group of type 
C m for which little seems to be known [Alll LChPj . We have not even 
been able to describe the commutator subgroup. We may however 
obtain some partial results, notably in Proposition EH the fact that 
the successive lower central series quotients of B 2 (S 2 \ {xi, x 2 , £3}) are 
direct sums of Z 2 , which generalises part of Theorem ITol 

We begin by considering the case m = 2. 
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Proposition 59 ([BGJ). The following constitutes a presentation 
of the group B 2 (S> 2 \ {x±, x 2 , x 3 }): 

generators: a, p\ and p 2 . 
relations: 



Geometrically, B 2 (S 2 \ {xi, x 2 , £3}) may be considered as the 2- 
string braid group of the twice-punctured disc, which in turn may be 
considered as a subgroup of _B 4 (0 2 ) whose first and fourth strings are 
vertical. Then with the usual notation, p\ = Ax i2 , p 2 = A 3) 4, and a is 
the positive half-twist of the second and third strings. 

Let Gi be the group generated by a and p\ subject to the rela- 
tion (JT51) . and let G 2 be the group generated by a and p 2 subject 
to the relation (|761l It follows from the above proposition and Re- 
mark llHlljdl) that B 2 (S 2 \ {xi,x 2 , £3}) may be considered as the amalga- 
mated product G\ G 2 of two copies of the Baumslag-Solitar group 
BS(2,2), subject to the additional relation [pi, p 2 ] = 1. We wonder if 
it would be possible to obtain determine the commutator subgroup via 
this amalgamated product. 

The following gives a generalisation to B 2 (E> 2 \ x 2 , x 3 }) of part 
of Theorem HHJ 

Proposition 60. For all % > 2, the lower central series quotient 
Ti(B 2 CB> 2 \ {xi,x 2 ,x 3 })) /T i+1 (B 2 (Ei 2 \{x!,x 2 ,x 3 })) is isomorphic to 
the direct sum of a finite number of copies of'X 2 . 

Proof. As in the proof of Lemma EU since B 2 (§ 2 \ {xi,x 2 ,x 3 }) 
is finitely generated, it follows that the lower central quotient Ti(B 2 (S 2 \ 
{x 1 , x 2 , £ 3 })) /T i+1 (B 2 (E> 2 \ {xi, x 2 , £3})) is a finitely-generated Abelian 
group. By part (JEJ) of Lemma EU it suffices to prove the result in the 
case i = 2, which we do using the presentation of Proposition EH1 We 
know that T 2 (B 2 (S> 2 \ {x 1: x 2 , x 3 })) /T 3 (B 2 (S 2 \ {^1,^2,^3})) is gener- 
ated by the r 3 -cosets of the commutators of the form [x,y], where 
x, y G {cr, pi,p 2 }, and thus of the commutators [<J,Pi] for % = 1,2. But 
[a, pi] = [Pi <J~ l \~ l by relations fTHI ) and (fTHjl . So modulo r 3 , [cr, p^) 
is congruent to [cr, Pi]" 1 , in other words, [cr, pi} 2 is trivial modulo T 3 , 
which proves the result. □ 

As was pointed out in jAlHIBG] . B 2 (S 2 \ {xi, x 2 , x 3 }) is isomorphic 
to the affine Artin braid group C 2 . More generally, for m > 2, -B m (§ 2 \ 



(Pi^) 2 

(P2^) 2 



(75) 
(76) 



P1P2 
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{xi, x 2 , x 3 }) is isomorphic to C m and by [BGJ has a presentation of the 
form: 

generators: p\,p m and <7j, 1 < i < m— 1. 
relations: 

Oi<jj = OjOi if \i — j\ > 2 and 1 < i, j < m — 1 
crjCrj + iO"i = cr i+ i(Tj(jj + i for all 1 < i < m — 2 

Pi ^ Pm 

Pi ^ a i for all 2 < i < m — 1 
Pm ^ o"i for all 1 < i < m — 2 

(^iPi) 2 = (Pi^i) 2 

\0~m—lPm ) \Pm 0~m-l) • 

The following result yields information about the derived series quo- 
tients of B m (j§> 2 \ {xi, x 2 , 

Proposition 61. Letm> 2. Then B m (E l 2 \{xi 1 x 2 ,x 3 }) is a semi- 
direct product of a group K by B m (B> 2 ). In particular, for all i > 1 
(£> m (S> 2 \ {x 1 , x 2 , £3}))^ is a semi-direct of a group Ki by (_B m (D 2 ))W. 

Proof. Consider the homomorphism of B m (§ 2 \ {xi, x 2 , x 3 }) to 
B m (B> 2 ) which sends p\ and p m onto the trivial element. From the above 
presentation, it is clearly surjective, and it admits an obvious section. 
So if K denotes the kernel then B m (S 2 \ {x u x 2 , x 3 }) = K x B m (B 2 ). 
The second part is obtained by induction on i, using Proposition!^ □ 



CHAPTER 4 



Presentations for r 2 {B n (S 2 )), n > 4 

In this chapter, we give various presentations of r 2 (-B n (S 2 )), n > 4. 
In Section [TJ we begin by giving a general presentation obtained using 
the Reidemeister-Schreier rewriting process. In Section we consider 
the case n = 4, and derive the presentation given in Theorem (Hljcj) . 
In Section we restate the presentation given by Proposition IH21 for 
the case n = 5, and for n > 6, we refine the presentation to obtain 
Proposition 1671 



1. A general presentation of T 2 (B n (S 2 )) for n > 4 

Proposition 62. Let n > 4. The following constitutes a presenta- 
tion of the group r 2 (-B„(S 2 )).' 



generators: 



w 



a 



Jln-1 

1 



Ui = o- 2 a 1 ,u 2 = cr 1 a 2 a 1 2 , . . . ,u 2n _ 2 



a 



2n.-3 
1 



a a 



-(2n-2) 



2 U 1 



''1 



-1 
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relations: 

ViVj = VjVi if\i—j\ > 2 and 1 < i, j < n — 3 (77) 

ViV i+ iVi = Vi+iViVi+i for all 1 < i < n — 4 (78) 

iu ^ Ui (79) 

'./"/+L' I ' ~ ' 



UiVjU^v- 1 = 1 /or j > 2 and i — 1, . . . , 2n — 3 (80) 



U2n~2VjWUi W~ Vj=l for 2 < j < 71 — 3 (81) 

w^iWi^fr^i+Vr 1 = 1 /or i = 1, . . . , 2n - 4 (82) 

U 2 n-3VlWU 1 W' 1 V^ 1 U 2r 1 l _ 2 V ] ; 1 = 1 (83) 

u 2n ~2Viwu 2 v^ 1 u^ 1 w^ 1 Vi 1 = 1 (84) 
Ui+iU^Ui 1 = 1 /or all i — 1, . . . , 2n — 4 (85) 

M2n-2WM ] ; 1 W _1 -U2ri 1 -3 = 1 ( 86 ) 

WUxU^W" W2n_ 2 = 1 (87) 

W 2 (f 1 ■ • ■ W„-4^-3 V n-4 • • ■ Vi)u 2 „_ 3 W = 1 (88) 

«3(«1 • ■ • ^n~4^_3 V n~4 " " ' Vl)u2n~2W = 1 (89) 

Ui(vi ■ ■ ■ v n - 4 vl_ 3 v n -4 ■ ■ ■ vi)wu^ 3 = 1 for i = 4, . . . , 2n - 2 (90) 

• • • V n - 4 vl_ 3 V n - 4 ■ ■ ■ Wi)m 2 „-4W = I- (91) 

In what follows, we shall denote by equation (m*) the equation (m) 
of the above system for the parameter value i. 

Proof. Taking the standard presentation ([H) of _B n (§ 2 ), and the 
set {l, <7±, of, ... , of™ -3 } as a Schreier tranversal, we apply the Reide- 
meister-Schreier rewriting process to the following short exact sequence: 

i — - r 2 (5 n (§ 2 )) — - 5 n (§ 2 ) — - (B n (s 2 )) Ab — - 1. 

As generators of r 2 (£> n (§ 2 )), we obtain w = crl n ~ 2 , a{aia^ +1 ' and 
o" 2n_3 o"i, where 2 < i < n — 1 and < j < 2n — 4. We replace the latter 
by <7 2n ~ 3 o"i • w' 1 = af n ~ 3 aia 1 ^ 2n . Now turning to the relations, if 
i > 3 then for j = 0, . . . , 2n — 4, the relator o^oio^o^ 1 of B n (S 2 ) gives 
rise to relators 

j -l -i -i i+i -(i+ 2 ) i+i -l -j 

of r 2 (B„(S 2 )), so 

j'+i -0'+ 2 ) j -(i+i) -i 

If j = 2n — 3 then we have a relator of the form 

J2n-Z„ „ -1 -1 -(2n-3) 2n-2 „ -1 2n-2 -(2n-2) 1 -(2n-3) 
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and thus i>j_2 commutes with u;, which gives relation (|7fjl) . If 1 < 
2,j < n — 3 and |z — j| > 2 then the relator o r i+2 (J j+2< J i+2°'J+2 gives 
rise to the single relator ViVjV^vJ 1 , while if 1 < i < n — 4, the relator 

CT i+ 20- i+ 3a i+2 a^Vi+2 "i+ 1 3 yields the single relator ViV i+ iVi = v i+ iViV i+ i, 
thus we obtain equations (|77l) and (|78j) . 

Now for i = 1, . . . , w 2n _ 2 , let Mj = a l 1 ^ 1 a 2 a^\ From the relator 
o"j _1 o" 2 o" 1 o"2 "r lo "2^ 1(j r 1(7 i i we obtain the relators UjUj^uJ^ if j = 
1, . . . , 2n — 4, U2n-3WUiU' _1 n2 n 1 _2 if J = 2n — 3, and M 2n _2tfM2^r 1 ' u; 1 if 
j = 2n — 2, which gives respectively equations (jKKl h JHE1) and 1)871) . 

If 2 < 2 < n — 3 then the relator a{^ 1 ai +2 a 2 a^ L 2 a 2 la i ^ yields 
relators ViUj+iv^uj 1 if j = 1, . . . ,2n — 3 and Vituuiw^ 1 v^ 1 u 2 ^_ 2 if 
j = 2n — 2, and so we recover equations ([301 ) and (|3TT ). 

From the relator CTj~V 3 CT2^3^2~ 1(J 3 1(J 2~ lcr i , we obtain the rela- 
tors ViUj+iVxlljlzVi 1 ^ 1 if j = 1, . . . , 2n-4, f 1 U 2n _ 2 V 1 WU± 1 W~ 1 Vi 1 u 2 ^_ 3 

if j = 2n — 3, and v iWUiViU 2 1 w~ 1 v i 1 u 2 ^_ 2 if j = 2n — 2, which gives 
equations (132T). (1331) and (IMP. 
Finally, 



^"-3^ -(™-2) ^"-2^ -(n-1) n-1 -n 

n„ ^2n-4^. -(2n-3) 2n-2 



M 2 (^l • ■■V n -4Vn- 
U 3 (V! ■ ■ -U n -4Un- 



we 


obtain relators 








■ ■ • Vl)M2n-3W 


if J 


= 1 


-Vi-4 


• • -Wl)M2n-2W 


if J 


= 2 


-3 W « 


_4 • • -Vi)WUj-2 


if J 


= 3,. 


3 V n- 


-4 • ■■Vx)u2n-A 


if J 


= 2n 



,2n 
2. 



This yields the remaining equations (f33ft . (JEHD, © and (jHH). □ 



We now simplify somewhat the presentation of r 2 (-B n (§ 2 )) given by 
Proposition l62l From equations (|3UI) and (|85l) . for i = 1,2 we obtain 
the following equations: 

U\Vj = VjU 2 for all j > 2 (J3HI ) 

u 2 Vj = VjU{ x u 2 for all j > 2. (JHH) 
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This allows us to eliminate equation JED) as follows. For all j > 2, we 
have: 

VjWUiw~ 1 vj~ 1 = wvjiii 1 vj 1 w~ 1 by equation (f79l) 

= wVjU2V~ 1 u 2 1 w^ 1 by equation (JHDL) 
= WU1U2 w~ by equation (|80l ) 
= n-2n-2 by equation (|8"7I) . 

and this is equivalent to equation (JED), which we thus delete from the 
list of relations. 

Suppose that for some 2 < i < 2n — 4, we have equations (f80l _ 1) 
and (f80l). We now show that they imply (|8fll + 1 ). For all j > 2, we 
have: 

Ui+iVjU^vJ 1 = u^UiVjU^UiVj 1 by equation (j85l ) 
= u^vjUiVj 1 by equation (|80l ) 
= 1 by equation |8fll _ 1 ). 

which yields equation JHOl + i)- So we may successively delete equa- 
tions (IHHn-3), (f%HL _ a ) . . . . , (|H0fe) from the list of relations. 

We now show that we may delete all but one of the surface rela- 
tions (|88l )- ([9lT ). First suppose that we have equation (|88l) . Now 

U2n-2wu 3 = U2n-3WUiU3 by equation (|86l ) 
= U2n-3WU2 by equation (jHKl ). 

This implies equation JHUI) which we delete from the list of relations. 

Now suppose that we have equation (|9fll + 1) for some 5 < i < 2n—2. 
Let us write A = v\ • • ■ v n -4^_ 3 f n _4 • • -Vi, Then wu^Ui+i = A -1 . So 

wui^ui = u;Uj_2Mi+i by equation (J85l ) 
= A^ 1 by above. 

This yields equation (|90l ). and so we may delete successively equa- 
tions PL), main -3). 

Now suppose that we have (f$Tl) . so Au2 n -iWUi = 1. Then 

Awu2n~5U2n-2 = Awu2n-AWU\w^ 1 by equations (|85| ) and (|86l) 
= w(A-u 2 n-4W-Ui)w _1 by equation (|TH1) 
= 1 by above. 

This implies equation (|90L _ 2 ) which we delete from the list of rela- 
tions. 
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Finally, suppose that we have equation ijKKl ). Then 

= AM 2n _ 3 M 2n 1 _ 2 wMi by equation ([85L _ 4 ) 
= Au 2n _ 3 wu 2 by equation (|87p 
= 1 by above. 

This yields equation (|9lT) which we delete from the list. It thus follows 
that we may delete all but one of the surface relations; let us keep 
equation (J88I) . 

Summing up, we may thus delete relations (|8T1) . (j80l ) for i = 
3, . . . , 2n — 3 and (|89l) - (j9lT) from the presentation of T 2 (B n (§ 2 )) given 
by Proposition |H21 



The aim of this section is to use Proposition IH21 to derive the pre- 
sentation of T 2 (B 4: (E> 2 )) given in Theorem OHEj) , from which we were 
able to see that T 2 ( y B i (S 2 )) = F 2 x Q 8 . 

We first remark that in this case, the relations (|77l) . (f78l ). (|8fl| ) 
and (|8lT ) do not exist. Further, from relations (|85| ). we may obtain the 
following: 



which we take to be definitions of U\,u 2 ,u^ and so we delete equa- 
tion (JHHD from the list of relations. From equation (|88l ). we see that 



We conclude that r 2 (-B4(S 2 )) is generated by ii3,«4 and v\. 

Let us return momentarily to the situation of the previous section. 
Before deleting all but one of the surface relations, we shall derive some 
other useful relations. 

Consider the surface relations (|88l) - (|9lT ). From relations equa- 
tion (JHHD and (US) (resp. dHU) and JUL)), it follows that u 5 (resp. 
U4) commutes with v\. But these two equations are equivalent to the 
relations 
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U 2 = U-iU^ 
u 5 = u 3 u 4 



-1 




and 



(92) 
(93) 



Further, equations (j9lT) and (|93l) imply equation JHOk), and equa- 
tions JHHD 7 t|9"2*l) and (|93l) imply equation JHU), so we replace equa- 
tions jnOk) and (JS) by equations JHS) and JHHD- 
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As in Section IH we can then delete equations (jHOk ) and ()91l) from 
the list of relations, which becomes: (Zi), JH3), flED, (JH1), JHED and 
(fSTI) . We now analyse these relations in further detail. 

From equation (j79l) and the definition of w, we see that v\ ^ 
M4 1 m 3 m 4 M3 x . Up to conjugacy, equation JH2L) may be written as follows: 

and hence we may replace equation f)82l ) by: 

M 3 t>lM 3 1 = U^V^Ill V\. (94) 

Up to conjugacy, equation (JH2L) may be written: 

u 3 1 v 1 u 3 = u^viu^ 1 . (95) 

By equations (|94l) and (|92l) . the left-hand side of equation (JUb) may 
be written: 

M 3 f iU 3 1 M 4 f f W4 Hjf 1 = U 3 v\u 3 1 ff 2 = 1, 

so relation (|82l ) is automatically satisfied, and we thus delete it from 
the list. 

Using the fact that V\ ^ u^usu^u^ 1 , equation JH2k) may be writ- 
ten: 

1 = U^V\U~l 1 M 3 ~ 1 'U 4 f 1 U 4 U^V^ = M 4 f iM 3 ~ 1 'U 3 'U 4 1 M 3 ~ 1 'U 4 t' 1 " 1 'U 4 1 M 3 t> 1 " 1 
= M 4 f i"U 3 1 t , 1 ~ 1 'U 3 'U 4 Vi , 

and from this, we obtain equation (|95l) . using the fact that t> 2 commutes 
with m 4 . So we delete equation (JH2L) from the list. 

We now consider equation (|79l) . Using equations (|94l) and (|95l) . we 
obtain: 

1 = M 4 ~ 1 M 3 M 4 n 3 V iU 3 U^ 1 it 4 t; = 1 U 3 fiM 4 f j -1 ^^ 1 Ug U4V1 

which up to conjugacy, and using the fact that v \ commutes with ii 3 
yields: 

m 3 2 v^ 1 u 3 v^ 1 u 3 v^ 1 ■ v\ = 1. (96) 

We replace equation (|79l ) by this relation. 

From equations (|92l ) and (|93l) . the left-hand side of equations (|86l ) 
and (f87l ) collapse, and so we delete them from the list. 



72 4. PRESENTATIONS FOR r 2 (B„(§ 2 )), n > 4 

After immediate cancellations, equation ((841) becomes: 

which up to conjugacy and inversion yields equation (|96fl . So we delete 
equation from the list. 

After immediate cancellations, the left-hand side of equation (|K3T ) 
becomes: 

U 3 1 U i ViU 4: 1 U^U^ 1 M 3 U4V i U± 1 = U3U4V f 1 = U 3 I^U iltj 1> f J" 1 

= M 3 U3V 1M3 j" 1 = 1, 

using the fact that V\ ^ u^u^u^u^ 1 , and applying equations (f94"l ) 
and (|93l) . So we delete equation (|83l ) from the list. 

We are thus left with relations (22D, (GSD, B, JHSD and We 
now multiply together equations ()94l) and (|95l ). The product of the 
left-hand sides, by equation |96l). is given by: 

while by equations JHS), 1(531 ) . 1(51) . (l95l) and JMD, the product of the 
right-hand sides is given by: 

= f j" 1 !" f 1M4 1 Mg 1 Wf U3V 1 
= t> ] " 1 -U3t> ] ~ 1 M3" 2 t>f = V^ 3 . 

From these two equations, we conclude that: 

v\ = 1, (97) 

and so equation (|96l) becomes: 

M3 2 17^ 1 M 3 t>^ 1 M3ff 1 = 1. (98) 

The list of relations now becomes: JHH1), JHH), (HD, (USD and 

(j95l) . We may rewrite the corresponding presentation as follows: 

Proposition 63. The following constitutes a presentation of the 
group T 2 {B 4 {S 2 )): 

generators: gi, g 2l g%, where in terms of the usual generators ofB 4 (S 2 ), 
g 1 = u 3 = a 2 a 2 o-i 3 , g2 = u 4 = o\o 2 a^ A and #3 = ^1 = <*zO\ X . 
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relations: 

gi = i 
gl — 92 

93 ^ 929i 

92 X 9\ X 93 X 9\929l X = 1 

9i 2 93 1 9i9 3 1 9i93 1 = !• 

Proof. Rewriting 1x3,114 and v\ in terms of the gi, we obtain di- 
rectly the first three and the last of the given relations. As for the 
fourth and fifth relations, we obtain respectively: 

93929i9 3 1 9i 1 9 2 1 = viu^v^u^u^ 1 

= U 4 M 3 (U3 2 Vi U3V i 1 U^Vi 1 Vi)u^ 1 U 4 1 = 1 

by equations jHSD, (EH) and flUBD, and 

92 1 9l 1 93 1 9i929 3 1 = u^u^v^uzu^i 1 

= V\u1 1 {u i Vi l u i 1 t>it>^ 1 n 3 uf 1x3)1x41; f 1 

= U1IX4 1 U^{V\U 3 Vi 1 M 3 1 ff 1 143)^3 1 U 4 t>^ 1 = 1 

by equations (p7l) and (|98l) . Thus the presentation we derived 

with generators 1*3,114 and i>i implies the system given by Proposi- 
tion IHSl Conversely, given this system, we have 

143l'll4 3 1 = % Vi U3V1 = U4V1 U~l Vi, 

which is equation ((Hit) , and 

which is equation (|95l) . Hence the system given by Proposition EH1 is 
equivalent to our presentation with generators 113,1/4 and v±, and so in 
particular is a presentation of T 2 (B 4: {S 2 )). □ 

3. The derived subgroup of B 5 (S 2 ) 

For the case n = 5, we obtain the following presentation directly 
from Proposition 

PROPOSITION 64. The following constitutes a presentation of the 
group r 2 (£? 5 (§ 2 )); 
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generators: 

w = of 

Mi = o^iT 1 ) u 2 = a l a 2 a^ 2 ) ...,u$ = o\o 2 o^ % 

relations: 

V\V 2 Vi = V 2 V X V 2 

w =± Vi for i = l,2 
U\V 2 = v 2 u 2 
u 2 v 2 = v 2 u\ x u 2 
UiViUi^v^u^v^ 1 = 1 for i = 1, . . . , 6 

U^ViWUiW U^V^ = 1 

UgV iWU 2 Vi l U^ l W 1 = 1 

Ui+iuT^uT 1 = 1 /or i = 1, . . . , 6 
Uswu^ w~ 1 = 1 

WU\U~2~ 1 W~ 1 U 8 1 = 1 

M 2 ('yi^2 t 'l)' U 7' U; = 1- ^ 

4. The derived subgroup of B n (S 2 ) for n > 6 

We now suppose that n > 6. Then the generator v 3 exists. 

Suppose that equation (j82l ) holds for some 1 < z < 2n — 5. Let 
us take j > 3. We eliminate equation (jH2l + i) as follows: applying 
successively equations (|80I 1 and (j77j l. we obtain: 

= V j 1 (UiVi U i+2 Vi 1 %fVl 1 ) Vj 

= 1 by equation (|82l ). 



It thus follows that we may delete successively equations (|82L _ 4 ), . . . , 
(JH2L) from the list of relations. 

Suppose that equation holds. Applying the idea of the previous 
paragraph, we eliminate equation ([Ml) : 

U 2n ^ 2 V\WU 2 V^ l U{ l W ^ 1 V^ 1 —Vj^nSVjViWV^UlVjV^W^Vj 1 - 

U 2n-2 V j V l 
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Let us suppose that equation (JH2L) holds. Then so does equa- 
tion (j%2*L _ 4) . We eliminate equation (JHS1) as follows. 

U 2 n-3^lWUiU7~ 1 i; ] ; 1 U 2n 1 _2^r 1 =Vj 1 U 2n -4VjV 1 V~ 1 U 2n - 2 V j Vi 1 Vj 1 - 

U 2n-3 V j V l 1 
=W7 1 (M2n-4Wl«2n-2^r 1 ^2n-3 W r 1 )^ = L 

PROPOSITION 65. Let n > 6. TTie following constitutes a presenta- 
tion of the group T 2 (B n (E> 2 )) : 

generators: 

w = af n - 2 

-1 -2 2n-3 -(2n-2) 

Mi = ov^i , u 2 = cr l a 2 a l u 2n -2 = V\ o 2 a 1 



relations: 



v x = a 3 a 1 \ . . . , v n _ 3 = a n _ 1 a 1 1 . 



ViVj = vjVi if\i-j\ > 2 (99) 

ViV i+1 Vi = v i+l ViV i+1 for all 1 <i < j <n- 4 (100) 

w^Vi (101) 

U\Vj = VjU 2 , where j > 2 (102) 

u 2 Vj = VjUi l u 2 , where j > 2 (103) 

u\v \u1 l u 2 v^ l u 2 v i 1 = 1 (104) 

u i+i v k+ 2 u i 1 = 1 f or all i = 1, . . . ,2n — 4: (105) 

«2n-2WM7 1 W~ 1 «2n-3 = 1 ( 106 ) 

wu x u 2 x w~ x u 2 l_ 2 = 1 (107) 

«2(^1 • • • f„-4^_3 W ™-4 • • • V!)u 2n - 3 W = 1. (108) 



□ 



This presentation may be refined further. Set 

A — V\ ■ ■ • f n _4f^_ 3 f n _4 ■ ■ - vi and y = u 2 l u\u 2 u^ 1 . 
Applying equations (jl()6l) and (jl()7l) to equation (|108l) . we have: 
1 = u 2 Au 2n _ 3 w = ^Au^^wu^ 1 = u 2 Awu 1 u 2 ' 1 u x 1 , 

so 

w = A~ 1 y. 
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Since A commutes with w by equation (jlOll) . we see that A commutes 
with y. Equations (|106l) and (|1()7I ) are then equivalent to: 

M 2n _ 3 = A^u^y^A (109) 

«2n-2 = A-^-^i^-M. (110) 

Let i > 2. One may check using relations (|99l) and (II 001) that A 
commutes with fj. Relation (jlOll) is then equivalent to V{ commutes 
with y. But this is implied by equations (11021) and (|1()3I) . Indeed, from 
these two relations we see that ViU 2 vl~ x = u\ and ViU\v~ = u\u 2 l , and 
then one may check directly that f« commutes with 1 UiU 2 u± 1 . This 
implies that we may delete equations (|101l ) for 2 < i < n — 3. 

From equation (11051) . we may calculate u 3 , . . . U2n-4, u 2n -3 and u 2n _ 2 
in terms of u\ and m 2 - Since all but the last two of these elements do 
not appear anywhere in the rest of the presentation, we may delete 
relations (|1()51 ) for i = 1, . . . , In — 4, provided that we keep (as defini- 
tions) the expressions for w 2n _3 and w 2n _ 2 in terms of U\ and w 2 . Let 
us calculate the general term Ui in terms of U\ and « 2 . 

For i 6 N, we define v i as follows: 



( 1 

U\U 2 


if i 


= mod 6 




if % 


= 1 mod 6 




if % 
if z 


= 2 mod 6 
= 3 mod 6 




if z 


= 4 mod 6 


u 2 l 


if z 


= 5 mod 6 



LEMMA 66. Let i G N, and let k > and < / < 5 be such that 
i = 6k + I + 1. Then: 

iy k v iy - k ifl = 0,1,2 

|y fc W2 1 u 1 v i u[ 1 u 2 y~ k if I = 3,4,5. 

PROOF. The proof is by induction on i, one considers the six pos- 
sible cases depending on the value of i mod 6. □ 

We can then determine equations (|1()9I) and (jllOl) in the three pos- 
sible cases. We let k > and < / < 5 be such that 2n — 2 = 
6fc + / + 1. 

(a) 2n - 2 = mod 6 (Z = 5): 

y k u 2 x y~ k = A~ x u^A 
y k u 2 l Ul y- k = A- l u 2 l Ul A. 
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Hence: 

(6J 2n-2 = 2 mod 6 (/ = 1): 

j/VjT* = x y~ x A 

y k u 2 y~ k = A~ x u 2 x u x y~ x A. 

(c) 2n-2 = 4mod6 (1 = 3): 

y k u\ x y~ k = A~ 1 u^ 1 u 2 A 

y k u 2 y~ k = A- l u 2 l u^ l u 2 A. 

PROPOSITION 67. Let n > 6. TTie following constitutes a presenta- 
tion of the group T 2 (B n (S 2 )) : 
generators: 

U\ = o~ 2 o~± ,u 2 = c 1 a 2 o'i 2 
vi = o-.^ 1 , . . . , v n _ 3 = o n _ x o\ x . 

relations: 

ViVj = VjVi if\i-j\ > 2 
ViVi+iVi = v i+1 ViV i+ i for alll <i < j <n-A 
V ^ vi 

VjU^j 1 = Mi, where j > 2 

VjUivJ 1 = u\u 2 1 , where j > 2 

U\V\U^U 2 V i u 2 v i 1 = 1, 

plus the two corresponding relations from fcjj), ffijj and of the 
previous paragraph, where 

y = ul^uxUiu^ and A = v\ ■ ■ ■ t> n _4t^_ 3 t> n _4 • • • V\. □ 

Remark 68. From this presentation, one could also delete, for ex- 
ample, the generator u 2 . 
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